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Abstract

In this paper, we study the smallest non-zero eigenvalue of the sample covariance matrices S(Y) =
YY*, where Y = (y;;) is an M X N matrix with iid mean 0 variance N ' entries. We consider
the regime M = M(N) and M/N — ce € R\ {1} as N — oco. It is known that for the extreme
eigenvalues of Wigner matrices and the largest eigenvalue of S(Y'), a weak 4th moment condition
is necessary and sufficient for the Tracy-Widom law [21, 49]. In this paper, we show that the Tracy-
Widom law is more robust for the smallest eigenvalue of S(Y'), by discovering a phase transition
induced by the fatness of the tail of y;;’s. More specifically, we assume that y;; is symmetrically
distributed with tail probability P(|v/ Nyi;| > @) ~ &~ when & — oo, for some a € (2,4). We
show the following conclusions: (i). When o > g, the smallest eigenvalue follows the Tracy-Widom
law on scale N_g; (ii). When 2 < o < g, the smallest eigenvalue follows the Gaussian law on scale
N—%; (iii). When av = g, the distribution is given by an interpolation between Tracy-Widom and
Gaussian; (iv). In case a < %, in addition to the left edge of the MP law, a deterministic shift of
order N'~% shall be subtracted from the smallest eigenvalue, in both the Tracy-Widom law and
the Gaussian law. Overall speaking, our proof strategy is inspired by [4] which is originally done for
the bulk regime of the Lévy Wigner matrices. In addition to various technical complications arising
from the bulk-to-edge extension, two ingredients are needed for our derivation: an intermediate left
edge local law based on a simple but effective matrix minor argument, and a mesoscopic CLT for the
linear spectral statistic with asymptotic expansion for its expectation.
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1 Introduction

1.1 Main results

As one of the most classic models in random matrix theory, the sample covariance matrices have been
widely studied. When considering the high-dimensional setting it is well-known that the empirical spectral
distribution converges to Marchenko-Pastur law (MP law). Inspired by problems such as PCA, the
extreme eigenvalue has also been extensively studied. Among the most well-known results in this direction
are probably the Bai-Yin law [9] on the first order limit and the Tracy-Widom law [38, 39] on the second
order fluctuation of the extreme eigenvalues. More specifically, let Y = (y;;) € RM*N he a random
matrix with i.i.d. mean 0 and variance N~! entries, and assume that \/]Vyij’s are i.i.d. copies of an
random variable ® which is independent of N. The covariance matrix with the data matrix Y is defined
as S(Y) = YY™*. Let \(S(Y)) > ... > Ay (S(Y)) be the ordered eigenvalues of S(Y'). We denote by
LN = 7 Zf\il 0y, the empirical spectral distribution. In the regime M = M(N), ¢y '= M/N — ¢x €



(0,00) as N — oo, it is well known since [52] that un is weakly approximated by the MP law

p(dn) = o\ O 0@ - AP drt (1 - ) ho(e), AP =(4vary (1)
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The Stieltjes transform of p™P is denoted as mmp(2), which satisfies the following equation:
zenmis(2) + (2 = (1= en))mmp(2) + 1 =0. (2)

Equivalently,

1—cn —z—&—i\/()\i‘p —2)(z = A™P)

mmp(z) = 2ZCN ) (3)

where the square root is taken with a branch cut on the negative real axis.
Throughout the paper, we will be interested in the regime co, # 1. In this case, both AT° are called
soft edges of the spectrum. Regarding the extreme eigenvalues, Bai-Yin law [9] states that

M(S(Y)) = ATP £%5 0, Aran (S(Y)) =A™ 25 0,

as long as E[v/Ny;;|* < oo is additionally assumed. It is also shown in [9] that E|v/Ny,;;|* < oo is
necessary and sufficient for the convergence of A;(S(Y)) to ATP. It had been widely believed that the
convergence of the smallest eigenvalue Ayan(S(Y)) to AP requires a weaker moment condition, and
indeed it was shown in [60] that the condition of mean 0 and variance 1 for v/ N yi;'s is already sufficient.
On the level of the second order fluctuation, as an extension of the seminal work on Wigner matrix [49],
it was shown in [21] that the sufficient and necessary condition for the Tracy-Widom law of A;(S(Y)) is
the existence of a weak 4-th moment

lim s*P(|VNy11| > s) = 0. (4)

Similarly to the first order result in [60], it has been believed that the Tracy-Widom law shall hold for
the smallest eigenvalue Apan(S(Y)) under a weaker condition. In this work, we are going to show that
the smallest eigenvalue counterpart of (4) is

llm S%P(|\/Ny11| >s) =0,

under Assumption 1 below. Moreover, when the tail P(|v/Ny11| > s) becomes heavier, the distribution of
Aman (S(Y)) exhibits a phase transition from Tracy-Widom to Gaussian. For technical reason, we make
the following assumptions on S(Y).
Assumption 1. We make the following assumptions on the covariance matriz S(Y).

(i). (On matriz entries) We suppose that \/Ny;;’s are all iid copies of a random variable © which
is independent of N. Suppose that E© = 0 and EO? = 1. We further assume that © is symmetrically
distributed, absolutely continuous with a positive density at 0 and as s — o0,

c
= ol < —(ato)
P(@>s)+r(1_a/2)s <s

for some a € (2,4), some constant ¢ > 0 and some small o > 0,

(ii). (On dimension) We assume that M := M(N) and as N — o0

cN = % — Coo € (0,00) \ {1}.

Our results are collected in the following main theorem. For brevity, we assume M < N throughout
this paper. Analogous results can be easily obtained by switching the role of M and N when M > N.



Theorem 1.1. Suppose that Assumption 1 holds. There exists a random variable X, such that the
following statements hold when N — oo.
(i):
M3
,/CN(l — ,/CN)

75 aan (S(Y) =A™ — X,) = TW,.
(ii):

= N(0,1), o= Z41).

N' (X, — BX) S TN TR I
0o @ 2 2

(iii):

_ 17gC(1 - CN)2 o4 1—a
EX, = -N'"E S ST (5 1) eV,
N

(w): In case o = 8/3, the following convergence holds:

(Aaran(S(Y)) =A™ —EX,) = TW,; +N(0,6%), 5° = MF (;) ,

where TW1 and N'(0,5) in the RHS of the above convergence are independent.

Remark 1. From the above theorem, we can see that a phase transition occurs at o = 8/3. When
o > 8/3, the fluctuation of Ayan(S(Y)) is governed by TW; on scale N=2/3. When 2 < a < 8/3, the
fluctuation is dominated by that of X, and thus it is Gaussian on scale N~*/*. In the case o = 8/3,
the limiting distribution is given by the convolution of a Tracy-Widom and Gaussian. When a < 10/3,
a shift of order N'=%/2 is created by EX,. We remark here that a natural further direction is to exploit
the expansion of EX, up to an order smaller than the fluctuation. But due to technical reason, we do
not pursue this direction in the current paper.

1.2 Related References

The Tracy-Widom distribution in random matrices was first obtained for GOE and GUE in [62, 63] and
was later extended to Wishart matrices in [38] and [39]. In the past few decades, the universality of the
Tracy-Widom law has been extensively studied. The extreme eigenvalues of many random matrices with
general distributions and structures have been proven to follow the Tracy-Widom distribution. We refer to
the following literature [6, 10, 23, 28, 30, 41, 43, 46, 47, 49, 53-57, 59] for related developments. Although
the Tracy-Widom distribution is very robust, some phase transitions may occur when considering heavy-
tailed matrices or sparse matrices. For example, for sparse Erdds-Rényi graphs G(N, p), it is known from
[36] that a phase transition from Tracy-Widom to Gaussian will occur when p crosses N —2/3_ We also
refer to [27, 31, 35, 45, 48] for related study. For heavy-tailed Wigner matrices or sample covariance
matrices, as we mentioned, according to [49] and [21], the largest eigenvalue follows the Tracy Widom
distribution if and only if a weak 4-th moment condition is satisfied. From [7, 20, 58], we also know the
distribution of the largest eigenvalue when the matrix entries have heavier tail. We would also like to
mention the recent research on the mobility edge of Lévy matrix with @ < 1 in [5]. On the other hand, if
we focus on bulk statistics, universality will be very robust. For any «a > 0, it is proved in [2, 4] that the
bulk universality is valid. An extension of [4] to the hard edge of the covariance matrix in case M = N
is considered in [50]. In our current work, we focus on the regime o € (2,4) for the left edge of the
covariance matrices. According to [12], even the global law will no longer be MP law in case o < 2, and
thus we expect a significantly different analysis is needed in this regime. Regarding other works on the
behaviour of the spectrum for heavy-tailed matrices, we refer to [13, 14, 16-18, 32, 33, 40] for instance.



1.3 Proof strategy
Our starting point is a decomposition of Y, or more precisely a resampling of Y, from the work [4].

Consider the Bernoulli 0 — 1 random variables v;; and x;; defined by

- Pllyij| € [N~1/27¢, N—<]]
Pl = 1] = Pllys| > N™], Plxs; = 1] =
WJ ] Hyjl ] [XJ ] ]P)“yij| < N-9]

()

for some small positive constants e, €. In the sequel, we shall first choose ¢, and then choose ¢, = €, (€p, )
to be sufficiently small. Specifically, throughout the discussion, we can make the following choice

0<e < (a—2)/10a, 0 < €, < min{ep, 4 — «}/10000. (6)
Let a,b, and ¢ be random variables such that

Ply;; € (—-N~1Y/27¢a N=1/2=c) ]

Pla;; € I] = Bllyg < N-1/7<] :
Plby; € I] = Ply;; € ((*N’eb,—N*/?*fa} U [Nfl/Zfea’Nfeb)) N1
1] IPHyij‘ c [N*1/2*CG,N*5’7)] )
]P> 'LG - ,7N76b ] Nfeb’ OI
Ples; < 1 = Wi € (oo -N"*) U (V7% 00)) 0 1]

Pllyij| > N—]
For each (i,7) € [M] x [N], we set
Aij = (1= 9iz)(1 = xig)aij, Bij = (1 —vis)xijbij,  Cij = tijci;
where a, b, ¢, 19, x-variables are all mutually independent. Sample Y and X by setting
Y=A+B+C, X=B+C (7)

The dependence among A, B and C is then governed by the 1 and y variables.

The purpose of the above decomposition, especially the separation of part A, is to view our model as
a deformed model. We hope that the light-tailed part A can regularize the spectrum of the heavy-tailed
part X = B + C, leading to the emergence of the edge universality. This idea is rooted in the dynamic
approach developed in the last decade. We refer to the monograph [26] for a detailed introduction of this
powerful approach, and also refer to [1, 3, 19, 24, 25, 34, 42-44] for instance. On a more specific level,
our proof strategy is inspired by [4] where the authors consider the bulk statistics of the Lévy Wigner
matrices in the regime a € (0,2), which we will denote by H in the sequel. In [4], the main idea to prove
the bulk universality of the local statistics is to compare the Lévy Wigner matrix H = Ay + By + Cy
with the Gaussian divisible model H; = v/tWg + By + Cp, where Ag, By and Cp are defined similarly
to A, B, C above, and Wy is a GOE independent of H. Here ¢ is chosen in such a way that \/E(WH)Z']»
matches (Ag);; up to the third moment, conditioning on (g );; = 0, where ¢y is defined similarly to
1. Roughly speaking, the proof strategy of [4] is as follows. First, one needs to prove that the spectrum
of By + Cy satisfies an intermediate local law, which shows that the spectral density of By + Cp is
bounded below and above at a scale n, < N —%¢. This control of the spectral density is also called 7,-
regularity. Next, with the 7),-regularity established, one can use the results from [43] to prove that the
VtWp component can improve the spectral regularity to the optimal (bulk) scale > N —14+4 and further
obtain the bulk universality of H;. Finally, one can prove that the bulk local eigenvalue statistics of H
and H; have the same asymptotic distribution by comparing the Green functions of H and H;. However,
the main difficulty here is that, unlike in H;, the small part Ay and the major part By + Cy in H are
not independent. They are coupled by the ¥ and x variables. Despite this dependence being explicit,
great effort has been made to carry out the comparison in [4].

At a high level, our proof strategy involves adapting the approach from [4] for the bulk regime to
the left edge of the covariance matrices. However, this adaptation is far from being straightforward. We
summarize some major ideas as follows.



1. (Intermediate local law) Similar to many previous DBM works, if we want to initiate the analysis,
we need an intermediate local law for the X = B + C part. More precisely, we require an 7,-regularity of
the eigenvalue density for S(X) = X X* at the left edge of the MP law, for some 7, < 1. According to
[7], such a regularity cannot be true at the right edge of the spectrum. In order to explain heuristically
the difference between the largest and smallest eigenvalues under the heavy-tailed assumption, we recall
the variational definition of the smallest and largest singular values of X, which are also the square roots
of the corresponding eigenvalues of S(X),

ow(X)= it X0y, ()= swp X0, ®)
v ve -

Denote by vy and vy the right singular vectors of X* corresponding to ops(X) and o1(X), respectively.
From the variational representation, it is clear that vy favors the large entry of X*, and thus oy (X) will
be large as long as there is a big entry in X . This is indeed the case when the weak 4-th moment condition
is not satisfied. In contrast, in (8), since vy is the minimizer, it tries to avoid the big entries of X*, i.e.,
it tends to live in the null space of C*. Hence, heuristically, we can believe that removing the C entries
will not significantly change the smallest singular value, as long as the null space of C is sufficiently big.
This will be true if rank(C) = o(V), which indeed holds when « > 2. This simple heuristic explains why
the first order behaviour of the smallest singular value of X, is more robust under the weak moment
condition, in contrast to the largest singular value. It also indicates the following strategy for obtaining
an intermediate local law for X. Let ¥ = (1);;). We define the index sets

D, :=D,.(V) = {z € [M]: zN:wij > 1}, D.:=D.(¥) = {j € [N]: iwzj 2 1} (9)

which are the index set of rows/columns in which one can find at least one nonzero v;;. For any matrix
A e CMxN Jet APr) and AlP<) be the minors of A with the D, rows and D, columns removed,
respectively, and we also use S(B) = BB* for any rectangle matrix B in the sequel. By Cauchy interlacing,
we can easily see that

A (S(XTPED) < A (S(X)) < Aws—jp, (S(XP))
Further notice that X (Pr) = B(Pr) and X[Pe] = BIP<] and thus we have
A (S(BP)) < Ai(S(X)) < Anr—pp, ((S(BP)). (10)

Conditioning on the matrix ¥, we notice that both S(B[P<l) and S(B(P+)) are random matrices with
bounded support, since |b;;| < N~¢. For such matrices, one has a local law with precision N 2 see
[37]. This local law together with (10) will give a rigidity estimate of Ap;(S(X)) on scale n, = N~
according to our choice in (6). Similarly applying the above row and column minor argument, one can
derive an intermediate local law for X, which implies that X satisfies the 7,-regularity at the left edge.
We remark here that in our regime o € (2,4), a weak intermediate local law, or alternatively, a weak
regularity with 7, ~ N7¢ for some small € > 0 would be sufficient. This is always possible if we choose
a suitable €. In contrast, in the work [4], in the regime a € (0,2), a stronger regularity with a more
carefully chosen 7, is actually needed.
2. (Gaussian divisible ensemble) We then consider the Gaussian divisible model

Vi=VIW+B+C=VIW+X, SV;) =WV, (11)

where W = (w;;) € RM*N is a Gaussian matrix with iid N(0, N~1) entries, and ¢t = NE|A;;|? (slightly
different from the choice in [4] for convenience). With the 7n,.-regularity of S(X), we then choose 1 >
t > /. Actually, our ¢ would be order N~2¢. By choosing e, sufficiently small in light of (6), our ¢
can be sufficiently close to 1. By conditioning on the matrix X, the following edge universality can be
achieved for the Gaussian divisible model S(V;) by extending the result in [43] and [23] to the left edge



of the sample covariance matrices
NSy (A (S(V2) = A-s) = TW, (12)

for some constant 7, where A_ ; can be approximated by a mesoscopic statistic of the spectrum of S(X).
Specifically,

Aop = (1= entmx (C-4))*Ce + (1= en)t(1 + entmx (C- b)), (13)

where mx is the Stieltjes transform of the spectral distribution of S(X), and (_ ; is a random parameter
defined through (26). We remark here that even though (_; is random, it can be proven that with a
high probability, Ay(S(X)) — (_; ~ t2. Hence, regarding the Stieltjes transform mx ((_ ), we are at
a (random) mesoscopic energy scale of order t2. From the work [15, 51], one already knows that the
global statistic mx (z) — Emx (z) follows a CLT on scale N~%/* for a fixed z with Im z > 0. Due to the
randomness of our parameter (_ ;, a further expansion of it around a deterministic parameter (. will be
needed to adapt the argument in [15, 51]. Consequently, after the expansion, we will need to control the
fluctuations of mg’;)(g“e) for k =0,..., K with a sufficiently large K. Studying the fluctuations of these
mesoscopic statistics eventually leads to a CLT

NT(\_; —EX_;) = N(0,02).
In addition to the above CLT, we need one more step to study the expansion of EA_ ;. It turns out that
EX_;=A"" — N'"25, +o(N'"2).

3. (Green function comparison)

Finally, we shall extend the result (12) from the Gaussian divisible model to our original matrix
S(Y), using a Green function comparison inspired by [4]. It is now well-understood that one can compare
certain functionals of the Green functions of two matrices instead of their eigenvalue distributions. Recall
Y; from (11), and we define the interpolations

VY =yA+ 20 -2 4B+ C, ST =Y(Y)*,

FE)=(5 -7 CE =Y ) i) = LT, (14)

In order to extend (12) from SY = S(V;) to S1 = S(Y), from [54] for instance, we know that it suffices
to establish the following result for some smooth bounded F' : R — R with bounded derivatives

Eo

‘EF(N/EI dE Imml(A,,t+E+in0)) —IEF(N/EI

Es
dE Tmm°(\_; + E + 1770))’ <N (15)

where Fy < Es, and |E;| < N—3+ forj = 1,2, and ng = N_%_57 if we have the rigidity estimate
A (SY = A |<N75, a=0,1 (16)

The estimate is easily available for the case a = 0 (Gaussian divisible model) by a straightforward
extension of [43] and [23]. This rigidity estimate for case a = 0 is actually a technical input of getting
(12). Hence, before the comparison in (15), we shall first prove (16) for a = 1, again by a Green function
comparison. We claim that it suffices to show for all z_; = A_; + x + in, with || € N~%/2 and
n € [N~3¢, N~¢] with some small £ > 0,

E|Nn(Imm!(z_ ;) — Imm°(2_ 4)) * < (14 o(1)E|Nn(Imm°(z_ ;) — Imm°(2_ 4)) * + N7 (17)



Similar estimate also holds when one replaces Im to Re. Here we introduced a copy of m®(z)

m’(z) = %Tr(\/ﬁ/f/ +X -2},

and W is an iid copy of W. Actually, for the Gaussian divisible model, conditioning on X and extending

the Theorem 3 in [22] on the deformed rectangle matrices from the right edge to the left edge, one can
actually get the estimate

Nin, if K >0,
[Tmm®(z—¢) — Immy(2— )| < (18)

o 1 1 :
Ny T SOV if K <0,

where m; is defined in (25). Apparently, the above estimates also hold with m? replaced by /m°. Combining
these estimates with (17) leads to the bounds [Imm!(z_ ;) — Immy(z_ ¢)| < 1/(N7) when x > —N 3¢
and [Imm!(z_ ;) — Immy(z_ )| < 1/(Nn) (w.h.p) when x < —N~35%¢. Such estimates together with
the real part analogue of the former will finally lead to the rigidity estimate in (16).

The proofs of (15) and (17) are similar. We can turn to bound

E,

aEF(N /E tmm (2, )dE) /oy (19)

for z(l’t =+ E+in with g = N_%_E, and
dE|Nnp(Imm?(z_ ;) — Imm°(z_ ,))|?* /dy (20)

for z_; = A_; + E+1in, where E € (—N‘eb/Q,N_%“) and n = N-3. Actually, we shall first condition
on V¥, and then first estimate Eg and then use a law of total expectation to estimate the full expectation.
When one try to take the derivatives in (19)-(20) and estimate the resulting terms, we will need a priori
bounds for the Green function entries

Gli(2), Gu(2), ((Y)"G"(2))ui (21)
in the domain
D =D(ey,e2,63) ={2=A"P+ E+in: |[E|< N ' ne [N_§_52753]} (22)

with appropriately chosen small constants €1, €2, £3. We shall show that most of these entries are stochas-
tically dominated by 1 while a small amount of them are stochastically dominated by 1/t2. These bounds
are not even known for the Gaussian divisible case, i.e., v = 0, at the edge. The idea is to first prove
the desired bounds of the quantities in (21) for v = 0, and then prove another comparison result for the
Green functions

|G (2) 2 — BIGY ()| < N2 (23)

for all z € D. Here we refer to [4] and [41] for similar strategy of using comparison to prove Green
function bounds on local scale. Hence, based on the above discussion, the proof route is as following

’bounds of (21) for y =0 ‘ ’ (23) ‘ ’ (17) ‘ (15)

which requires a three steps of Green function comparison with different observables. In contrast, in [4],
one Green function comparison for the observable F(Im Gy, (2), -+ ,Im Gy, 5,,(2)) (and its real part
analogoue) with a deterministic parameter z in the bulk regime would be sufficient. Also notice that
our parameter z_ in (15) is random, which further complicates the comparison. Specifically, when we
do expansions of the Green function entries w.r.t. the matrix entries, we shall also keep tracking the



derivatives of A_; w.r.t to these entries. The estimates of these derivatives involve delicate analysis of
the subordination equations.

Regarding the bounds of (21) for v = 0, here we shall explain the argument for G;; only for simplicity.
The other two kinds of entries in (21) can be handled similarly. For the Gaussian divisible model,
conditioning on X, by extending the Theorem 3 in [22] on the deformed rectangle matrices from the
right edge to the left edge, with the n,-regularity of the spectrum of S(X), we have for z € D

6 M) < (o1 D 4 L)+ £ om0

where w is of order t? 4+, and

-1
tj

Hij = (1 + cNtmt)(XX* — Ct(Z))) =: (1 + CNtmt)Gij(X, Ct(Z))

which is simply a multiple of a Green function entries of S(X), but evaluated at a random parameter
Ci(2). By the facts t ~ N2 5 > N=37%2 and |my(z)| < (ct|2]) /2 (cf. Lemma 2.1 (iv)), one can easily
get |GY;(2) — I;;(2)| < 1. Hence, what remains is to bound Il;, i.e., to bound Gy;(X,(i(2)), the Green
function entry of the heavy-tailed covariance matrix S(X), in the regime 2 < a < 4. We notice that such
a bound has been obtained in [2] for the heavy-tailed Wigner matrices in the same regime of «, but in
the bulk. Extending such a bound to edge could be difficult due to the deterioration of the stability of
self-consistent equation of the Stieltjes transform. However, we notice that with the n,-regularity of the
left edge of S(X) spectrum, one can show that the parameter (;(z) is away from the left edge of the S(X)
spectrum by a distance of order t>. Hence, we are away from the edge by a mesoscopic distance, which
allow us the conduct the argument similarly to the bulk case in [2] to get the desired bound for II;;(2).

1.4 Organization

The rest of the paper will be organized as follows. In Section 2, we will state the main results for the
Gaussian divisible model, whose proofs will be stated in Section 3. Section 4 is devoted to the statements
of the Green function comparisons and prove our main theorem based on the comparisons. In Section 5,
we prove these comparison results. Some technical estimates are stated in the supplementary material
[11].

1.5 Notation

Throughout this paper, we regard N as our fundamental large parameter. Any quantities that are not
explicit constant or fixed may depend on N; we almost always omit the argument N from our notation.
We use ||u]|o to denote the £*-norm of a vector u. We further use || A|| for the operator norm of a matrix
A. We use C to denote some generic (large) positive constant. The notation a ~ b means C~1b < |a|] < Cb
for some positive constant C. Similarly, we use a < b to denote the relation |a| < Cb for some positive
constant C. O and o denote the usual big and small O notation, and O, and o, denote the big and
small O notation in probability. When we write a < b and a > b for possibly N-dependent quantities
a=a(N)and b=0b(N), we mean |a|/b — 0 and |a|/b — oo when N — oo, respectively. For any positive
integer n, let [n] = [1 : n] denote the set {1,...,n}. For a,b € R, aVb = max{a, b} and a Ab = min{a, b}.
For a square matrix A € R"*", we let Agiag = (Ai;0;;) € R™*™. We adopt the following Green function
notation for any rectangle matrix A € R™*" G(A,z) = (AAT — 2)~1.

2 Gaussian divisible model

In this section, we state the main results for a Gaussian divisible model, and leave the detailed proofs to
the next section.



2.1 Some definitions

Recall that W = (w;;) € RM*N is a Gaussian matrix with iid N (0, N~!) entries, and t = NE|A;;|2.
Consider the standard signal-plus-noise model

Vi = X + VtW. (24)

In this section, we will establish several spectral properties of S(V;) that will be extended to S(Y') later.
For most of the discussion in this part, we will condition on X and regard it as given, and work with
the randomness of . In light of this, we introduce the asymptotic eigenvalue density of S(V;), denoted
by p:, through its corresponding Stieltjes transform my := my(z). For any t > 0, m; is known to be the
unique solution to the following equation:

M
1
Z + CNtmt (25)
pa =G
subject to the condition that Imm; > 0 for any z € C,. Here
G o= Ci(2) = (1 + entmy(2))?2 — t(1 — ent)(1 — entmy(2)). (26)

In the context of free probability theory, p; corresponds to the rectangular free convolution of the spectral
distribution of S(X) with the MP law on scale ¢, and (; is the so-called subordination function for the
rectangular free convolution. The following lemma provides a precise description of the existence and
uniqueness of the asymptotic density. The following result holds for any realization of X.
Lemma 2.1 (Existence and uniqueness of asymptotic density, Lemma 2 of [22]). For any t > 0, the
following properties hold.
(i) There exists a unique solution my to equation (25) satisfying that Immy(z) > 0 and Im zm(z) > 0
if z€ CT.
(ii) For all E € R\ {0}, lim, o m(E + in) exits, and we denote it as m,(E). The function my is
continuous on R\ {0}, and pi(E) = 7~ Immy(E) is a continuous probability density function on
Rt :={F € R: E > 0}. Moreover, m; is the Stieltjes transform of p;. Finally, m:(E) is a solution
to (25) for z = E.
(11t) For all E € R\{0}, lim,, o (;(E+in) exits, and we denote it as (;(E). Moreover, we have Im (;(z) > 0
if z€ CT.
(iv) We have Re (1 + extmy(2)) > 0 for all z € Ct and |my(2)| < (ent|z]) /2.
For a realization of X, we can check if it satisfies the following regularity condition on my (z). Such
a condition is crucial for the edge universality of DBM; see [22, 43] for instance.
Definition 1 (7,- regularity). Let 1. be a parameter satisfying n. == N~ for some constant 0 < 7, <
2/3. For an M x N matriz H, we say S(H) is n.-reqular around the left edge \_ = Ay (S(H)) if there
exist constants cg > 0 and Cy > 1 such that the following properties hold:
(i) For z=FE+in with \_ < E < A_ +cy and n. + /0| E — A_| <1 < 10, we have

1
coVIE= A+ <Immp(E+in) < Cpy/|E =] +1. (27)
H
For z=FE+in with \_ —cyg < E < A_ and . <n <10, we have

1
L <Tmmp(E+in) < Oy

——— (28)
[E =X+ |E—=A|+n
(i) We have cg/2 < A_ <2Cy.
(i4i) We have |S(H)|| < N¢u.
The following lemma is a direct implication of 7,- regularity.



Lemma 2.2 (Lemma 6 of [22]). Suppose (a realization of ) S(X) is n.-regular in the sense of Definition
1. Let px be the measure associated with mx(z). For any fized integer k > 2, and any z € D with

D—{z—E-i—m A,—%égEg)\,,Qn*gnSIO}
3
U{z=E+in A SESA +6m+ n(E—X_) <n <10}
3
u{z=FE+in ,\,—zégEgA,—m,ognglo}.

Then we have

dux(e)  VE Aty 1

1 1 .
lz — E — in|* nF—1 E>x_ + (E—r|+n)Fon E<A_

The following notion of stochastic domination which originated from [29] will be used throughout the
paper.
Definition 2 (Stochastic domination). Let X = (XN (u) : N € Nyu € UM) Y = (YN (u) : N e N,u €
U(N)) be two families of random variables, where Y is nonnegative, and UN) is a possibly N-dependent
parameter set. We say that X is stochastically dominated by Y, uniformly in u, if for all small € > 0 and
large D > 0,

sup P (‘X(N)(u)‘ > NEY(N)(U)) <N7P
ueUV)

for large enough N > Ny(e, D). If X is stochastically dominated by Y, uniformly in u, we use the notation
X <Y , or equivalently X = O<(Y). Note that in the special case when X and Y are deterministic,
X <Y means that for any given € > 0, [XN) ()| < NYWN)(u) uniformly in u, for all sufficiently large
N 2 N()(E).

2.2 n,- regularity of S(X): A matrix minor argument

In this subsection, we state that with high probability n*-regularity holds for S(X) with n* = N~¢.
Recall that X defined in (7). Let us recall ¥ = (3;;) € RM*N a random matrix with entries v;; as
defined in (5). By setting

€ = (@ —2)/5a, (29)

we call a ¥ good if it has at most N'~¢ entries equal to 1. The following lemma indicates that V¥ is,
indeed, good with high probability.
Lemma 2.3. For any large D > 0, we have P(Qy = {¥ is good}) >1— N—D.

Proof. Observe that P(Qg = {V is good}) = 1 — P(#{(i,j) : ;; > N~%} > N1~ ). By Assumption 1
(i), we have

N2 N2
N2 . .
P(#{(i,j) : xij > N~} > N1 7)) < Z ( _ )N—a<1/2—eb>g < Z N—(@=2)3/2 < N=D,
j=N1l-ca J j=Nl-ca
The claim now follows by possibly adjusting the constants. O

Given any ¥ is good, the following proposition shows that S(X) is n.-regular with n, = N~ for
some 7, > 0. Actually, we shall work with a truncation of X, X¢ = (2ij1|z,;|<N100 )ic[n),je[N], in order
to guarantee Definition 1 (iii). Apparently, [|S(X¢)|| < N'92 and P(X = X¢) =1 — o(1).

Proposition 2.4 (.- regularity of S(X)). Suppose that ¥ is good. Let n, = N~. Then S(X) is
N«-reqular around its smallest eigenvalue A\p(S(X)) in the sense of Definition 1 with high probability.
The proof of Proposition 2.4 is based on the following two lemmas. For notational simplicity, we

define ms,f%(z) = (1 —t)""mmp(2/(1 — 1)) for any ¢t > 0.

10



Lemma 2.5. Fiz C > 0. Let us consider z € {E +in: C7'A\™ < E <XTP 4+ 1,0 < n < 3}. We have
Ime(2) — m{)(2)] < N™% + (Nn) ™. (30)
In addition,
A (S(B)) — (1 — )A™| < N~2 4 N~2/3, (31)

Proof. We further denote by ¢ := 1 — NE|B;;|?. It is easy to show that |t —t| = o(N~!), and thus we

have \m(nf,),(z) - m.gfz,(z)| < (Nn)~L. Hence, it suffices to show the following estimates
[me(z) = mip(2) < N7+ (Np) ™' A(S(B)) — (1= DATP| < N2 4 N7 (32)

Notice that B is a so-called random matrix with bounded support. The first estimate in (32) is given
by [37, Theorem 2.7]. We can show the second estimate in (32) adapting the proof of [37, Theorem 2.9]
from the right edge to the left edge, in a straightforward way, given a crude lower bound of A/ (S(B))
which is guaranteed by [61]. We omit the details. O

Lemma 2.6. Suppose ¥ is good. Then, we have |Ay(S(X)) — (1 —t)A\™P| < N—2¢,
Proof. Denote by M(C) the number of nonzero columns of C. Since ¥ is good, |N(C)| < N1=¢ with
high probability. By Cauchy interlacing, we can easily see that

A (S(XTPD)) < A (S(X)) < Mg, (S(X )
Further notice that X (Pr) = B(Pr) and X[Pel = B[Pel and thus we have

A (SBP)) < A (S(X)) < Aws—yp,(S(BPH)).
Applying (31) to S(BIP<]) and S(B(P")) with the modified parameter ¢y, i.e., M/(N — |D.|) and (M —
|D,|)/N respectively, in the definition of ™", we can prove the conclusion with the fact e, > 2¢,. O

Now we show the proof of Proposition 2.4.

Proof of Proposition 2.4. We shall show three properties (i), (ii) and (iii) (as in Definition 1) holds with
high probability. Suppose that ¥ is good.

(i). Let pux and pg be the empirical spectral distributions of S(X) and S(B), respectively. By the rank
inequality [8, Theorem A.44], |ux — pg| < 2rank(C)/N. Then,

(nx — pe)(dA)|.

|Immx(z)—1mm3(z)|§/‘()\_E7;2+nz

It follows from n((A — E)? + n?)~! < 71 that [Immx(z) — Immg(z)| < rank(C)/(Nn) = N~Cp=1,
where we use the assumption that ¥ is good. This together with Lemma 2.5 give

Immx(z) — Im mﬁrfz,(z)| < N~ n b+ N™% 4+ (Nn)~".
For E € [Ay(S(X)), A (S(X)) + n.], by Lemma 2.6, we have with high probability that,

B — (1= )OA™] < |E = Aar(SCO)] + PMar(S(X0)) — (1= HA™] < 2.

Thus, for n > 7., we have Im mr(ﬁ,),(z) ~ /7, which implies that Immx (z) ~ /|E — A (S(X))| + 1.
Similarly, for E € [Ay(S(X)) — 7, A (S(X))] and n > n., we can show that Im mx(z) ~
n/VI1E = A (S(X))| +n. If E > Ap(S(X)) + ns, we can use the fact [Ay(S(X)) — (1 — 6)A™| < 7. to
obtain that £ > (1 — t)A\™ and

VIE = SN+ 1~ \/IE — (1 - )N+,

11



Similarly, if E < Ay (S(X)) — 1., we obatin £ < (1 —t)A™ and

Ui Ui
VIE =2 (S(X))[+1 \/\E— (1— DA™+ 7

(ii). It holds with high probability by Lemma 2.5. (iii). See Remark 2 below. Therefore, we conclude the
proof. O

Remark 2. Rigorously speaking, in order to have the above proposition, we shall work with X¢ instead
of X. Since these two matrices are identical with probability 1 — o(1), any spectral statistics of these two
matrices are identical with probability 1 — o(1). For our main theorem, it would be sufficient to work
with XC instead of X in the sequel. However, for convenience, we will still work with X as if the above
proposition is also true for S(X). In this case, the reader may simply assume that the entries of X are
bounded by N'°° (say). We can anyway recover the result without this additional boundedness assumption
by comparing the matrix with its truncated version.

Let A_; be the left edge of p;. The Gaussian part in model (24) can further improve the scale of
the square root behavior of p, around A_; on the event that S(X) satisfies certain 7,- regularity. The
following theorem makes this precise.

Theorem 2.7 (Lemma 1 of [22]). On Qg, we have

3
Pt~ (E — )\7’t)+ fO’f’ )\,’t — ZE < E < )\7,1‘/ + é,

= w

and for z = E +in € C*,

\/ |E—=A_¢|l+1n, A SE<A_+ 25

Ui

VIE =24 +7

Next, we recall the definition in (22). The following theorem provide bounds on the Green function
entries for the Gaussian divisible model. Further recall the notation in (9), we set 7, = [M]\ D,,
T. = [N]\ D..

Theorem 2.8. Suppose that W is good. Let z € D(e1,e9,e3) with 10¢, < &1 < €,/500 and sufficiently
small e9,€3. The following estimates hold w.r.t. the probability measure Py.

(1)

Immy(z) ~ (33)

)\,yt—gégEg)\,yt-

|Gij(Viy 2)| < LieT, or jer, +172(1 = LieT, or jeT,.);
(ii)
‘Guv(VtTa 2)| < LueT, orveT. + t_2(1 — LueT, orveTs)s
|[G(V;5,Z)Vt}w‘ = N_eb/QliGTT or ueT, T t_2(1 - 11‘67} or ueTc)'
The proof of Theorem 2.8 is based on the following results.

Lemma 2.9. Suppose that the assumptions in Theorem 2.8 hold. There exist constants ¢,C > 0 such
that for the domain D¢ = D¢ (¢, C) C C4 defined by

D¢ == D; UDy, (34)
where

Di={¢=E+in: E<(1—t)A™" —ct?,n > ctN 2372}
Dy = {¢=E+in:n>c(logN)~“t?}

we have (;(z) € D¢ with high probability.

12



Proof. The proof relies on the definition of (;(z) as well as the square root behaviour of p; as stated in
Theorem 2.7; see supplementary material [11] for the detailed proof. O

Proposition 2.10. Let D¢ be as in (34). Consider ¢ € D¢. Suppose that U is good. The following
estimates hold w.r.t. the probability measure Py. There exists a constant ¢ = c(€q, €q, €5) > 0 such that

|G (X, ¢) — 6ijm5§2)(4)| < N™Ujer, +t72(1 =1 jer,),
|GUU(XT7 C) - 6uvm§\f%(<)| < N_Clu,UGTC + t_2(]- - 1u,v€’7})7

where miyy(¢) = enmp(C) — (1 — en) /€.

Proof. The proof of Proposition 2.10 is similar to the light-tailed case proved in [54], but here we shall
apply large deviation formula for heavy-tailed random variables; see supplementary material [11] for the
detailed proof. O

Proof of Theorem 2.8. Given the previous results, the proof strategy for this theorem is briefly introduced
in the last paragraph of the Introduction, Section 1, with the detailed proof found in the supplementary
materials [11]. O

The above theorems provide strong evidence supporting the validity of the Tracy-Widom law for
A (S(V2)) around A_ ;. In fact, we are able to establish the following theorem regarding the convergence
of the distribution. Before stating the result, we define the function

04(¢) = (1 = entmx ()*¢ + (1 — en)t(1 — entmx(C)), (35)

and the scaling parameter

= (0 = — (A GO )+ (1= en PRI ARG ) (36)

Theorem 2.11. Let f : R — R be a test function satisfying || fllec < C and |V f|leo < C for a constant
C. Then we have for any X whose corresponding ¥ is good,

Jim E[F (i M0 (S()) = A ) IX] = lim B[ (M*/(uS9€ +2))]. (37)

N—oc0

This further implies that if ¥ is good,
Jim By [f (o M2 (A (S(Ve) = A-p))] = lim E[f (M (u5PF +2))], (38)

where pS9E denotes the least eigenvalue of a M by M Gaussian Orthogonal Ensemble (GOE) with
N(0, M~1) off-diagonal entries.

Remark 3. The proof of the above theorem is essentially an adapt of the edge universality for the DBM
in [43] and the analogue for the rectangle DBM in [22, 23]. More specifically, we shall extend the analysis
in [22, 23] from the right edge of the covariance type matriz to the left edge. Based on the n.-regularity,
the proof is nearly the same as [22, 23], and thus we do not reproduce the details and only provide some
remarks in the supplementary material [11].

2.3 Distribution of A_;

Theorem 2.12. There exists a deterministic quantity Aspise > 0 depending on N such that the following
two properties hold.

()

a/4 _ . (4—a)/4 1— 4 -2
NYTHA_ ¢ — Ashife) L N(0,1), 02— cey (1 - en)*(« )F(g+1)_

Oa 2
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(i)

lea/Z 1— ./cv)2
Ashift = AP — < ( ) F<g + 1) +o(N'To/2),
C(a—2)/4 2
N
Remark 4. Note that the leading order of Ashise only depends on «. The size of the fluctuation of A_ 4
is also determined by a.

The proof of Theorem 2.12 is given in the next section.

3 Proofs for Gaussian divisible model

3.1 Preliminary estimates

Before providing the preliminary estimates for the expansion of the least eigenvalue of S(V;), we first
state the following lemma, which characterizes the support of p; and its edges using the local extrema
of ®4(¢) on R.

Lemma 3.1 (Proposition 3 of [64]). Fiz any t > 0. The function ®.(x) on R\ {0} admits 2q positive
local extrema counting multiplicities for some integer ¢ > 1. The preminages of these extrema are denoted
by 0 < C1(t) < Calt) < Com(t) < G (t) < - < Cu(t) < Coe(t), and they belong to the set
{¢ eR:1—cntmx({) > 0}. Moreover, A_y = ®,(¢1,—(t)), and 1, (t) < Am(S(X)) < G1,4(8).

Remark 5. Here we remark that the model considered in [64] is slightly different in the sense that the
model therein contains many 0 eigenvalues, which will force {; _(t) to be negative. In our case, going
through the same analysis as [64] will simply give 0 < {3 _(%).

Next, we shall introduce the deterministic counterpart of (_; (to be denoted by E,’t). First, we
notice that the MP law holds for both the matrix V; and X, but with slightly different scaling factors.
Specifically, we have my, (2) — Mpp(z) = 0,(1) and mx(z) — m,(TfZ,( ) = 0,(1). Recall the definitions of
¢:(2) in (26) and ®4(¢) in (35). It is important to note that these two quantities are random, and we
can also define their deterministic counterparts using the Stieltjes transform of the MP Law. We denote
them as follows:

Gi(2) =1+ cNtmmp(z))QZ —t(1 —ent)(1 — entmmp(2)), (39)
®4(¢) = (1 = extmi ()¢ + (1 = en)t(1 = entmi)(C))- (40)

To further simplify the notation, we let (_; = (;(A— ;) and {_ ; = (;(A™P). Let 8 = (o — 2)/24.
Lemma 3.2. The following preliminary estimates hold:
(i) C—+ — A (S(X)) <0, and Ay (S(X)) — ¢+ ~ % holds on Qy.
(ii) There exist some sufficiently small constant T > 0, such that for any z € CT satisfying |z — (_ 4| <
T2, we have on Qg that

mx(z) —mB () < N7, mQ QI St mlE ) ~ T k> 1

(iii) (— 4 —(_ 4 < N7Pt.
Proof. See the supplementary material [11]. O

We also compute the following limits.
Lemma 3.3. For anyt = 0(1), we have the following approximations:

(i) ming(C_.) = ven - en) ™ =ty P (1= o)+ O 2).
(i) t(mmp( ) =yt (1= en)7?/2+ 0(t'?).
) B(RAC 1) = 51— )2/ 4+ O,
(i) i = e (1= yew) 0 = 0,(1).
Proof. 1t is easy to solve (_; = (1—t)A™ — ,/ent? from (39) and (3). The calculation is then elementary
by the explicit formula (3). O
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3.2 Proof of Theorem 2.12
Before giving the proof, we need the following pre-process. First, note that we have the following
deterministic upper bound when ¥ is good:
(- Loy < AM(S(X)) - Loy < Ao, (S(BP7)) - 19, < N* 72,
This indicates that E(¢_ ; - 1o, ) is well-defined. We define

Ge = E(C—,t : 19\1/)3 A( = C—»t = Ge- (41)

We also write for z € CT and an integer k > 0, A,,(2) == mx(z) — Emx(2) and Agff)(z) = mglg)(z) —
Emg’;)(z), where we remark that A,,(z) = Agg)(z). It is noteworthy that Emyx (z) is well-defined when
z possesses a non-zero imaginary part. To ensure that the expectation of mx ({.) exist, we add a small
imaginary part to ¢, and define for any K, > 0, {, = (o(K¢) i= (e + iN 100K,

We will begin by stating some preliminary bounds useful to estimate EA_ ;.
Lemma 3.4. Recall that 3 = (a — 2)/24. There exists some small 7 > 0, such that for any z € CT
satisfies |z — G| < 7t? and Im z > N~109K¢ the following a priori high probability bounds:

AP () < NP7 and Ac < N7P/%2 (42)
Furthermore, we have the following a priori variance bounds:

Var(AR (2)) < N71Fee=2k=4 0 and  Var(Aclg,) < N7 (43)

We postpone the proof of Lemma 3.4 to the end of this subsection. Let us prove Theorem 2.12
equipped with Lemma 3.4.

Proof of Theorem 2.12. Recall the expression of A_ ; in (13). We shall switch (_ ; and mx (¢ ;) with ¢
and Emx ((e) respectively. First, expanding mx (¢_ ;) around mx ({.), we have for sufficiently large s > 0,

u CNt
Kl

N 2
i = Ca(1=2 SEmPGAl) + (1 —ent(1-
k=0 k=0

m (CAL) + O (No/47e),

Note that for any integer k > 0, it can be easily verified that w.h.p., |mg?)(ce) — mg];)(fe)\ < N—50s,

by chooinsg K¢ > 0 large enough. This means that we can replace mgf)(ce) with mg];)(ée). Through an
elementary calculation, we have

At = Ashift—(ZCNt(l — entEmx (€e))Ce — ent?(1 — CN)) A (C)FZOTAc+P (A {AR (Ce) brz0)-

where Aehife i= (1 —cntEmyx (ée))zce +(1— cN)t(l —cntEmyx (ée)), and we denote by ZOT, the collection
of zero-th order terms, i.e.,

20T, = (1 — cNtEmX(ée)) (1 — cNtEmX(fe) — ZCNtCeEmS((ée)) —en(1— cN)tZ]Em’X(g:e), (44)
and P(Ac, {Agf)(ée)}kﬁ) collects all the high order terms. We need to bound the last two terms. It

can be easily obtained by prior bounds in Lemma 3.4 that P(A., {AS,’?((})},QO) = Op(N—a/4=(4=a)/8),
Moreover, due to Remark 6 below, we find that ZOT, = O(N~/4=(4=2)/8),

The following two propositions complete the proof.
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Proposition 3.5. Let o, be as in Theorem 2.12. We have

2CN(1 - CNtEmX(ée))Ce : <tAm<§e)> = N(0,1).

Oa

Proposition 3.6. We have

Nl—oz/2 1— ./cv)2
Ashift = AP — ‘ ( ) F(g + 1) +o(N'T/2),

05372) /4 2
We shall prove the above propositions in the next subsections. O]

Proof of Lemma 3.4. Using Lemma 3.2 (ii), we can obtain that A,,(z) = mx(z) — msrfz,(z) +]E(m§rf,))(z) —
mx(z)) < N~P. The bound for Agf)(z) follows by a simple application of Cauchy integral formula.
In order to bound A, we first observe that

C—Cp=E[(Cr—C(p) La,] — (i P(QG) < N=B/2¢2, (45)

where the last step follows from Lemmas 2.3 and 3.2 (iii). Therefore, by Lemma 3.2 (iii) again, we can
get the desired bound for Ac.

Next we consider Var(A,,(z)). We first let Fj be the o-field generated by the first & columns
of X. Then we define D} = E[M~YTrG(X,z) — TrTG(XW, 2))| 7], D}, = E[MYTrG(X®), z) —
TrG(X, z))’}'k,l}, and Dy, := D;" + D, . By the Efron-Stein inequality, we have

N N
Var(mx (z)) = ZEODZ»F) < 2ZE(IDil2) +E(|D; ).

Using the resolvent expansion, we can obtain

NE
—D
: 1\z7)\M(S(X(’“>))\th2} +N7 < N

1 o] GAH(X®) )y, |2
E(|D;f|? <—IEH k : ‘
(| k| )—MQ 1+I;G(X(k),z)xk
where in the first step, we used Lemma 3.2 (i) to derive, with high probability, that for |z — (.| < 72

with sufficiently small 7 > 0, there exists some sufficiently small ¢ > 0,

|2 = A (S(XEN) = (¢ e = A (S(X))] = |2 = Cef = 1A]
— Par(S(X)) = (1= AT = PAar(S(XW)) = (1 = )ATP| > et®,  (46)

which gives P(|z — Ay (S(X )| > ct?) < NP for arbitrary large D > 0, and z has non-zero imaginary
part which yields deterministic upper bound for the random variable. Similarly, we have E(\D;P) <
N€¢/(N?t*). This establishes the bound for Var(A,,(z)).

The bound for Var(Agf) (2)) follows by an application of Cauchy integral formula. Note that, since the
contour of the Cauchy integral will cross real line, the integrand may not be well defined deterministically
due to the possible singularity (although with tiny probability) of the Green function. Hence, we will
need to cut off the part of the integral when the imaginary part of the variable is small. To elucidate the
procedure, we will outline how to do the cutoff for the Cauchy integral representation of E(mg’;) (2)) only.
The one for variance can be done similarly. Consider z that satisfies |z — (.| < 7t2/2 and Im z > N ~100K¢,
we first define 2, = {|z — Ay (S(X))| > ct?}. A similar argument as (46) leads to P(Q¢) < N=P for
arbitrary large D > 0. Then we may choose a contour w, = {2’ : |2/ — z| = 7t2/10} with sufficiently
small 7, and set to := {2’ : [Im 2’| > N~109%¢} Then we obtain

E(m{(2) = Em{(2) - 1a.) + E(m{ (2) - 1) = Q%E[ ]{ mda Ao, [+ NP
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B 27r1 fi}ﬂm Z()i-i-l } * O(N_SOKC) N7 n

For the remaining term, the effective imaginary part of a within w Nt allows us to interchange E with
the contour integral. Then, the upper bound for E(mx (a)) can be directly applied to estimate this term.

Using the same cutoff of the contours, the bound for Var(A,(ff)(z)) is obtained through a double integral
representation together with the Cauchy-Schwarz inequality. We omit further details for brevity.

Lastly, we shall bound Var(A¢). Since (A (S(X)) —(_+) - 1a, ~ t?-1g, and A < N77/2¢2 on the
event Qy, A\ (S(X)) — ¢ = A (S(X)) — ¢+ + A¢ ~ t? with high probability. Using Lemma 2.2, the
bound in the above display also implies that on the event Qy,

m () vt k21 (48)
Recall that ®}(¢_ ;) = 0, which reads
(1= entmx (G- ))* = 2entm/x (Cp) - (- (1= entmx (o)) — en (L — en)?mx (C- ) = 0. (49)

Replacing ¢ ; and mx({- ;) with (. and E[mx (ée)], as in the proof of Theorem 2.12, it follows from
(49) that

ZO0T: 4+ FOT¢ + Pe(Ac, {Ags)}kzo) =0, (50)
where the term ZOT, is defined as in (44),

FOT; == (QC?VtQCEEm/X (ie) - 2fm)Am(€e) - (CN(1 - CN)t2 + meCe)Agrlb)(ée)
— (46, Em’y (&) + en (1 — en)PEmY (&) + 2632 C(BEmy (C))? + 26, CEmP (&) Al

with f,,, = cNt(l entEmx (ée)) and Pe(A¢, A (k)) is the collection of high order terms. Note that f,,, ~ ¢

and PC(AO A ) is a polynomial in A, and Am) s, containing monomials of order no smaller than 2.
Hence, by Cauchy Schwarz and bounds in (42), one can get the following bounds

Var(P(AC, A;ij)(ée)nm) SNV Nar(Aclg,) + N~/ Var(Aclg,) + N7P, (51)
]E(P(AC, A5§>(§e))1gw) SNTY2H/2473 Var(Aclq, )+t~ 2Var(Aclg, ) + NP, (52)

Using (48), we can see that the leading order term of the coefficient of A in FOT is —2fmCe]E(mg?) (ée)) ~
t=2. Therefore, we can derive from (50) that

ZOT¢ + Pc(Ac, AN (&)
2]cmCe]E"nX (Ce)

CLt)A¢ = Ca() A (Ge) + Ca() AR (Ce) + (53)

where C;(t),i = 1,2,3 are deterministic quantities satisfying C1(t) = 1 + O(t), Ca(t) = O(t3), and
Cs(t) = O(t3). Multiplying 1q, at both sides and then compute the variance:

Var(Acla,) S t°Var(An(G)) + tVar(AD () + t*Var (Pe(A¢, AR (()))
SNHep NTV2ER Var(Aclq,, ), (54)
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Solving the above inequality for Var(A¢1lg,,) gives Var(A¢lg,) < N1, which completes the proof of
Lemma 3.4. O

Remark 6 (Bound ZOT¢). We start with (53). Multiplying 1o, at both sides and then taking expectation,
we have (ZOT + E[Pe(Ac, AR (&) - 10,1)/ (26mCEmP (&) + O(N-P) = 0. Using (52) together with
the wvariance bound for Aclq, in Lemma 3.4, we can obtain that ZOT, = O(N~'*<t=3). By the fact
t> N©@=D/32 it follows that ZOT, = O(N /4= (4=a)/8),

3.3 Proof of Proposition 3.5

Proposition 3.5 follows from Lemma 3.3 and the following theorem together with some simple algebraic
calculation. Recall that A,,(¢) = mx(Ce) — E(mx(¢e)).
Theorem 3.7 (CLT of the linear eigenvalue statistics of S(X)). For any 2 < o < 4,

NN (C)

Om

= N(0,1),

where

) ) 0o oo efsfslfscNmr(Jg (Z)fs'cNmfntg (")
Oy = ct CN 8Z8Z«{ 7
0 0 SS

x ((smif () + 'mih(z) """ = (smiBy()) ™ = (s mi (=) *"*) }

_dsds’.

Z:ZIZCe

To prove Theorem 3.7, we will work on the truncated matrix X = (%45) with Z;; = x; lﬁlm”KNﬂ

and ¥ = 1/4 + 1/a + ey such that N~ <« ¢t and ey < (3o — 5)/(4e). It will become clear from the
following lemma that the fluctuations of mx and m ¢ are asymptotically the same.

Lemma 3.8. We have Na/4t(mX(ée) — mX(ée)) =0,(1).

Proof. This lemma simply follows from the rank inequality and Bennett’s inequality together with Lemma,
3.2 (i). O
Proof of Theorem 3.7. By Lemma 3.8, it is enough to consider the convergence (in distribution) of
My (X) = N4 (mg(C) —Emg(C)). We will use the Martingale approach. To this end, we define Jj,
as the sigma-algebra generated by the first k& columns of X. Denoting conditional expectation w.r.t. Fg
by Ex, we obtain the following martingale difference decomposition of My (X)

My (X) = N4 By, — Ep—1) (mg (Ce) — mgm (Ce))-

k=1

Our aim is to show that My (X) converges in distribution to a Gaussian distribution N (0,02,) via the
martingale CLT.

Theorem 3.9 (Martingale CLT, Theorem A.3 of [15]). Let (Fi)r>0 be a filtration such that Fo = {0, Q}
and let (Wi)k>0 be a square-integrable complex-valued martingale starting at zero w.r.t. this filtration.
For k > 1, we define the random variables Yy == Wy, — Wi_1, vp, = E[|Yz|?], 7 := Ek[Y,f], and we also
define v(N) =<1 Uk, T(N) =3 1o1 Tk 2ops1 BV 2Ly >e]- Suppose that for some constants v > 0,
7 € C, and for each € > 0, v(N) 5 v, T(N) L 7, L(e, N) — 0. Then, the martingale Wy converges in
distribution to a centered complex Gaussian variable Z such that E(|Z]?) = v and E(Z2?) = 7 as N — oo.

We want to apply Theorem 3.9 with setting Wy = M N(X ). Using the resolvent identity,

X Ny P (GX®) E)2ay
=NV =S — (E, —E_,)—k el k|
Mn(X) kz:l i (Ce) 1;::1 Nl—a/‘l( k k 1)1—|—£kTG(X(k),Ce)ik
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First note that [Y;(()| < N~1+e/4¢=1 with high probability. We also have the deterministic upper bound
for Yj (fe) since ée possesses effective imaginary part. Combining these two facts, we can verify that the
L(e, N) goes to 0.

In order to conclude the proof via Theorem 3.9, we need to check convergences of v(N) and 7(N).
This follows from Propositions 3.10 and 3.11 below. O

Proposition 3.10. Let

Y t t £2<G<X(k)’ C))?iiag‘ik

Yi(() = W(Ek —Ep—1) fx(¢) = W(Ek —Ep_1 T 7T (GE®, ) aatn

Then there exists some constant T, such that for any ¢,¢' € 2(r) = {& € C : [ = (| < 712, |Imé&| >
N—100} " the summation Z,]{V:l Er—1[Yi(Q)Y:(¢)] — Er—1[Ye(Q)Y(¢')] converges in probability to 0.

Proof. The proof is similar to the counterpart in [15]; see the supplementary material [11] for details. O
Proposition 3.11. For any k € [N], there exists some constant T, such that for any z,2 € {( € C:
€ = Gel < 7%, [Im¢| > N~19%},

N=1e/22R, o ((Bg — Bi_1) fi(2) (B — Ep_1) fr(2)) L
K(z,2") ’

as N — oo. The kernel K(z,z') is defined as

oo o0 efsfslfscNm
K(z,2') = cN'=/22cy / / azaz,{
0 0 8

X ((sm,(,fz,(z) + s'mf,fz)(z’))a/2 - (sm,(,f‘),(z))a/2 — (s’mﬁfg(z’))aﬂ) }dsds’.

e (2)=s'enm{D(2')

/

Before giving the proof of Proposition 3.11, let us introduce the parameter oy = NEi"fj and
Lemma 3.12 below. Note that

(oo}

E(Nj?jlx/ﬁmpzw) - / 9 P(|\/N$ij|2 > z)dz ~ Nﬁ@_a)a (55)

N2

which gives 0% — (1 —t) = O(NY(2=)). The following lemma collects some useful properties of Z;; and
the expansion for the characteristic function of z;;.
Lemma 3.12. Then there exists constant C > 0, such that
(i) @i;’s are i.i.d. centered, with variance 0% /N, third moment bound N3/2E[|7;;]3] < CN?G=+  and
fourth moment bound N2E[|7;;]*] < CN?@A=)
(7) for any A € C such that Im A\ <0,

: —iXaiy 2 i(L—pr  (N*F (At N
(b]\/‘()\) :]E(e Al ):1— N +CN% +€N()\), and EN(A):O<W W)

Proof. The proof of (i) is elementary. To prove (ii), we observe
= on(\) = /0 " (exp(—iru/N) — 1)dF*(u) = % /0 " exp(—ihu/N) F<(u)du,
where F be the distribution function of Nz, and let F* =1 — F. Since fooo F¢(u)du = 1 — ¢, we notice
1—on(A) = w + % 000 (exp(—idu/N) — 1) F¢(u)du.

The estimate (ii) can be obtained using the tail density assumption on v Ny;; (cf. Assumption 1 (i)). O
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Proof of Proposition 5.11. Let fk be defined as fj, but with the matrix X replaced by a matrix X. The
columns X; of X are the same as those of X if i < k, but are independent random vectors with the same
distribution as the columns of X if i > k. It is still valid to use the notation E since X and X share the
same first k columns. By the following elementary identity

Er—1((Ex — Ex—1)(f2(2)) (Ex, — Ex—1)(fx(2)))
= Ex (Ez, (fr(2) fx(2))) — (ExEs, fr(2)) (ExEs, fr(2)), (56)

it suffices to study the approximation for Ez, fx(z) and Ez, fi(2)fk(2'). In the sequel, we write f, = fi(2),

= fo(2), Gx = G(X® 2) and G, = G(X®_ 2') for simplicity. By a minor process argument, for
any D > 0, there exists constant Cj, > 0 such that [Ay(S(X®))) — (| > Cxt2, with probability at least
1 — N~P. This implies that there exists some constant Cj, > 0 such that for any arbitrary large D > 0,

P(Q = A (S(XW) =y > Cut?}) > 1 - NP

Then it is readily seen that Re [G(X*), 2)];;-1q, > 0 for any z € {|z—(_ | < Cxt?/10, [Im 2| > N~100},
Since €, is independent of Z, we can write Ez, (fx) = ]Ejk(fk:)]-ﬁk + Eik(fk)lﬁi. Using the facts that
75| < NVatl/4%er and |[Gy;;] < [Tmz|~' < N'9' we have for some large constant K > 0 such that
Er, (fo)lgg| < N¥1g.

Next, we will mainly focus on the estimation for Ez, (fi)1g, . In the sequel, we omit the indicate
function 1g from the display for simplicity, and keep in mind that all the estimates are done on the
event .. Using the identity that for w with Rew > 0, w™! = fooo e %"ds , we have

—S

Es, fe = Es, (/OOO EJ: T (G2 e (5 iﬁk[ak]jj)dS) T /ODQ es az{Ei’“ (eist i?k[Gk]jj) }ds'

Recall (;;N and ¢y in Lemma 3.12. We have

Ez, fe = —/

where Diff = [° e_gﬁ {H on (= is[Giljj) — I1; ¢~)N( - is[Gk]jj)}ds. Note by the definition of Z,;’s
for any j € [N ], the following estimate holds uniformly for all A with Im A < 0,

{H¢N — is[Gy] M)}ds + Diff,

< 2P(VNlzij| > N?) S N7,

[on () = on )| = [E[(e 7 — 1) 1, vl

Therefore, by a Cauchy integral argument with contour radius equals to ct? for some sufficiently small
¢ > 0, we have for sufficiently large K,

o5

With the prescribe K, we also have

[ ol T wic o -
and similar estimate holds if we replace ¢ by ¢x. Combining the above two displays, we can obtain that

Eg, fr. = /O‘X’ eisaz{ 1:[ (1 + %uj(z,s)) }ds + O (N2,

H¢N — is[Gk) “ HqSN —1s[Gi) ji }ds‘ <t 2N aﬁ/ e € s < Nl-a/2—¢

N-K S

Eik</0 ;fi‘?k[Gi]jje_s(l—i_zj iz?k[Gk]jj)ds>‘ < N~K/2,

S
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where

(s[Giljj) % N
N (1 —t) i

4j(2,) = 1o (6~ 15[Glss) — 1) = ~slGilys +¢

en (—is[Grlj;)-

We introduce the approximation Ki(z, s) for the integrand as follows:

—s5—s(1—t)TrGy /N M N
Kl(Z, 8) = © S (1 + NZ/2 Z (S[Gk}jj) /2).
j=1

Then our goal is to show on the event Q.
/ 0.6(z, 5)ds S N'=/2— (57)
0

where §(z,s) = L I1; (14 tui(z,s)) —K(z,s), and € > 0 is a small constant. By the Cauchy integral
formula, we have ‘fo 09,0( z,s)ds’ < 72 fo |0(2s,s)|ds, where zs is the maximizer of |4(z,s)| on the

contour {2’ : |2/ — z| = Cjt?/50}. To estimate the RHS of this inequality, we divide it into two parts,

1 (> 1 v 1 (>
72 | (ZS’ )|d8— D) | (257 )|ds+ | (Zsa )lds_ll""[?’
= Jo t* Jo Ns

with ¢ being chosen later . Using the fact that [G];; < t~2 on the event Qk, we can obtain that

o0
I < ppa / s¥/2 lesqs < e N°/3,

For I, we further decompose it into three parts,

1 [NV es 1% oxn /N uj(zs,8)
bR i)

1 (N e | £
b [ o (14 S 5 )

0
J

1N es —s(1—t)TrGr /N .
7 (e NN e (—islGirli) )
J

ds = Iy + I12 + I13.

Notice that on the event Qx, M, = max; |u;(2s,5)|0% < st=2, and Rew;(zs, s) = N(Re ¢n (—is[Gylj;) —
1) < 0. Then using [15, Lemma 4.5], we have on the event Qk,

N§
1 o5/ (NEYE Re (1) (24,9) /N g < / —s s (Nt g < L
I < / . Nt4 ds S N6 e “se ds .

By choosing ¢ < 1/3 (say), we can obtain that I;; < N~'t=5. Applying the simple inequality that
le® — (1 + )| < 2|z|? for || < 1/2, we have

1 Gk % 2

112515*2 7’ZC jJ +ZEN Gk}]j)‘

1
~ Na—2t2+2a

S

)

N§
/ Saflds < N§a7a+2t7272a < N73(a72)/5
0
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where in the last step, we chose ¢ < (o — 2)/(4«). Finally, for I3, we can use Lemma 3.12 (ii) to obtain
that, I3 < N—(@=2)¥¢=2-2a < N=3(a=2)/4 Now we may conclude the proof of (57) by combining the
above estimates and possibly adjusting the constants. This gives

(fk? / 0, K1 Z S)d8—|—0 (Nl a/2— 5)

Similarly, we can obtain that

]Eik (fkfllg) = / / 626Z’K2(sz/a3asl)d8dsl +O.<(N1_a/2_€),
0 0

where

—s—s'—s(1-t)TrGy /N—s(1—t)TrG}, /N M
e C /2
Ka(z, 2, s,8) = ; (1 t Nor > (s1Ghls +5'[Ghls) )

S8 ‘
j=1

Notice that the estimate in Proposition 2.10 can be obtained for our G(X™*), z) as well in the same
manner. Suppose that max{|D,|,|D.|} < N7 for some ¢;. Notice that ¢; > €, by definition. Hence,
the claim now follows by (i) employing (56), then substituting o%;[Gy];;(z) with mmp(z/0%) for j € Ty,
and utilizing the bound [G}];; < 1/t for j € D, with the fact ¢ > N~¢/4; (ii) considering the estimates
0% — (1 —t) = O(NYC=2)) (cf. (55)), Oummp(2/0%) ~ t', and 2?mpmp(2/0%) ~ t=3 for z within
the specified domain. This enables us to further replace mpp(2/0%;) and mmy(2/0%) with mfntz,(z) and

mfn,), (z'), respectively. O

3.4 Proof of Proposition 3.6
Let us first define

p(z) = Clea/ZCN/O efsfscle(“f«p)(z) (Smr(rfz,(z))a/QdS,

(15 —en +1Dp(z)
2ch\/( - A" - %)

Mishife (2) =

Then we have the following proposition concerning the expansion of Emx (z).
Proposition 3.13. There exists some sufficiently small constant T > 0, such that for any z € {C:
I — ¢4 <712, Tm¢| > N1 we have menise(2) = Ot~ N1=/2) and

me(z) = mgf’))(z) + mshi&(z) _ QPC(Z)Z + O(lea/276(4fa)(a72)/50). (58)
N

Furthermore, for any z € { : |¢ — (4| < 2, |Im (| > N—100}

ch oc/2f00 —5— 5cNmmP()\ )( mp()\Tp))a/zdS

1—a/2
2 /el ven) FoE: )

tmgnire (2) =

Proof. By the resolvent expansion, we have for any z € {¢ : [¢ — (_ 4| < 7t%,|Im (| > N~100},

[G(XT,2)], = —(z+ 22] (XD, 2)a) . (60)

(%3
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Let @ = Qdiag + Qoff With Qgiag 1= ijvil 22, [G(X ), 2)],; and Qoft 1= 32,4y, Thitei [G(X®,2)], . Then,
we can rewrite (60) as:

[GXT, )], =~ o o (o1)

" _Z(1+Qdiag) Z(1+Qdiag)2 a Z(1+Qdiag)2(1+Q).

Taking expectation at both sides gives

T _ 1 1 1 gff _
E[G(XT,2)], = —;E{il - Qd;ag} _ ;]E[(l romRTy +Q)] =1 + I,

where the second term at the right hand side of (61) vanished due to symmetry. Notice that when T @)
is good, we have w.h.p. that

Aar(S(XD)) = 2] = (1= AT = €l = Aar (S(XD)) = (1 = )ATP| — ¢ — 2]
> (Jent? — \Jent? /4 — 112 > \Jent? )2,

where in the last step we used the fact that |A\y(S(X®)) — (1 —t)A™| < N~ w.h.p., and we also chose
T < \/ent?/4. This together with the fact that ¥(V is good w.h.p. gives P(€; = {|An(S(X@)) — 2| >
ﬁt2/2}) > 1 — NP, Notice that Re Qdiag > 0 and Re@ > 0 hold on ;. Then for I, with the
smallness of P(25), we have Ir = E[Q%1q,/[(1 + Qdiag)*(1 + Q)]] + O(N~P). We then bound I as

|I5| < E|Qo|*1q, + O(N™P) =2N2E {TrG(X(“, z)G(X(i),z)lgi] +ONH =0s(t*N1).
Next, we estimate I;. Due to the smallness of P(€2¢), we only have to do the estimation on the event

Q;. Specially, we have I} = —E[1q,/(z + 2Qdiag)] + O(N~P). Notice that Re Qgiag > 0 on the event €2;.

Using the identity that for w with Rew > 0, w™! = fooo e *"ds and setting w = 1 4+ Qgiag, We have

1 e 1 o
I = _7]E[/ e~ $(14+Quing) {5 . 1Qi:| + O(N_D) _ _*EOE:W [/ 6—5(1+Qdiag)d8:| . 1Qi) + O(N_D)
Z 0

Z 0
= i]E(AOO e’ H¢N( —1is [G(X(i)a Z)L‘j)ds ' 191‘) + O(NiD)'

Then we may proceed as the estimation in the proof of Proposition 3.11 to obtain that

1 1
L =—-E :
T {1+(1—t)TrG(X(Z),z)/N

- 197} - @ + O(N—3@=2)/5),
Further using the O (t~*N~!) bound for Var(M ~'TrG(X ¥, 2)) and the fact TrG(X ), 2) - TrG(X, z) <
t=4, we arrive at

1 1

I = —;<1 + (1 -t)ETrG(X, z)/N

) _ p(;) i O(N—3(a—2)/5) L OL(tINTY.

Collecting the estimates for I; and I3, and then summing over 7, we have

NTETG(XT,2) = - L ) _ PG O(N-3e=2)/5),

_2(1 + (1 —t)ETrG(X, z)/N z
Using the simple equation TrG(X, z) —TrG(X T, z) = (N — M)/ z, the above equation can be rewritten as:

_1( 1 )_p(z)Jrl—cN
2 \1+ (1 = t)eyEmx(z) z

exnEmx(z) = + O(N—3=2)/5), (62)
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Notice that for z = (_, +iN7199K¢ we have (12; 4+ ey — 1)% — 222 = CN(tfg)}t)Z + O(N~99%¢), Then

by continuity, we may choose 7 sufficiently small such that for any 2z € {¢ : [¢ — (_ | < 7t2,[Im(| >
N—100Ke} e have (%5 +en — 1)% - 416%; ~ t2. Having this bound, we may solve the quadric equation
(62) and then compare it with (2) to obtain that

Emx(z) = mfrf%(z) + Mapife (2) — M + O(N*u(o‘*z)/zo),
2cnz

which proves (58). Using the fact that mfﬁ%(f_,t +iN7100K) —m o (ATP) < ¢, we may further derive that

a/2

cN1—/2 fooo e_S_SCNmmp(ATp) (smmp(ATp)) ds

2 /en (1 — v/en)

This together with the crude bound mEﬁZ,({L,t +iN 100Ky mSﬁE)(E, ¢) = O(N—99K¢) proves (59), which

)

completes the proof of Proposition 3.13. O

tmain (¢ o + 1N 1) = + O(EN' 012,

The following corollary is a direct consequence of Proposition 3.13. -
Corollary 3.14. Let T be chosen as in Proposition 3.13. Then for any z € {C : |(—(_ +| < 7t2/2,|[Im | >

N9 "we have Emg;) (2) — (msrf,),(z))(k) = Ot~ k) N1-a/2)
Proof. The claim follows from Proposition 3.13 with Cauchy integral. We omit further details. O

Proof of Proposition 3.6. Replacing E[mx ()] by mfﬁz,(ée) in the expression of Agnift, we can obtain
Ashift = (i)t(ge) + (20Nt>‘n:p =+ O(t2)) : (mr(rf;))(ée) - E[mX(ée)]) + O(Ke - ée|)~ (63)

Expanding ®;(¢.) around {_ ; and using the fact that ®,((_ ;) = 0, we have that there exists ¢ € [(_+, (]
such that ®;(Ce) = ®4(C_ 1) + PY(()(Ce — ()% = A + ®Y({) (¢ — {—+)?. Substituting this expansion
back into (63), and using the bound in Corollary 3.14, (63) becomes

Mt = AP+ 2entA™P () () — Elmix (G)]) + 87 (O)(Ge — C0) + o (N1 7072).

Note by considering that ¢ — (1 — t)A™ ~ 2, it can be easily verified that &/ ({) ~ ¢~2.
By employing Corollary 3.14 along with the variance bounds for mg?)(fe) in Lemma 3.4, we can
conclude that

Ags (<‘_7t) — mg?)(C—,t) . (m(t) (5_7t))(k) _ OP(N71/2+6/2t727k + lea/2t72k71).

mp

With the above probabilistic bounds in place, we may now proceed to follow the expansion detailed in the
proof of Lemma 3.4, but this time substitute (. with {_ ; and E(mg?) (&) vzithimg’;) (C_t) (cf. (49)-(54)).
It becomes evident that the ZOT. therein vanishes due to the fact that ®;(¢_ ;) = 0. This eventually

leads to Ay == (_ 4 — (_; = Op(N~V2+e/2 4 N1=2/2) Therefore, with A; = O,(N~1/2+¢/2¢6) we have
DY) (Ce — Ct)? ~t72(Ar — A¢)? = o(N'~/2). Consequently, we arrive at

Astite = AP+ 2e AP (D) () — Emx (o)) + o (N17072).

Recalling from (45) that (_;, — (e < N~7/2¢2, we can deduce that _; — (e < N~F/22. The claim now
follows by (59) in Proposition 3.13 and the fact mmp(A™") = (\/eny —cn) . O

4 Beyond Gaussian divisible model

In this section, we present three Green function function comparison results, as we mentioned in the
Section 1. Their proofs will be postponed to the next section. Recall the notations in (14).
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4.1 Entry-wise bound
We first introduce the following shorthand notation: for any a,b € [M] and u,v € [N],

1 ifaorbeT,,
t2 ifaeD,,beD,’

1 ifuorveT,,

%a :xa ) =
b b(V) { t2 ifu € D.,v € D,

Do = D (V) = {

1 ifaeT,.orucT,
auw = Jau(¥) = .
3 3au(¥) {t2 ifa€D,,ueD,

Proposition 4.1 (Entry-wise bound). Recall D(e1,e9,¢3) defined in (22). Let D< = {z = E+1in €
D(e1,e2,e3) : p < N7}, Set 10¢, < 1 < €,,/500, and set eq, €3 sufficiently small, and 3¢; < & < €,/100.
Suppose that U is good. Let Py be the probability conditioned on the event that the (1;;) matriz is a given
U. Suppose that U is good (cf. (29)). Then for each § > 0 and D > 0, there exists a large constant C' > 0
such that

IP\I,( sup sup sup |Xup[G7(2)]a|V sup sup  sup |Duw[G7(2)]uvl
0<~v<1 2€D< a,be[M] 0<vy<1 2€D< u,vE[N]

Vosup sup  sup  [34u[G7(2)Yau| > N5) <CN7P,
0<v<1z€D< a€[M],u€[N]

The proof of Proposition 4.1 follows a similar approach to the one demonstrated in [4, Proposition
3.17]. Tt relies on the entry-wise bounds for the Green functions of Y° as provided in Theorem 2.8, which
serve as an input for the subsequent comparison theorem. We defer the proof to Section 5.2.

Theorem 4.2. Let F: R — R be a function such that

sup F(z) < (|z] + 1), sup  FW(z) < N,
0<p<d 0<p<d
lo|<2N?

for some real number Cy,d > 0. For any 0 — 1 matriz ¥ and complex number z, we define for any
a,b € [M] and u,v € [N],

= = (1) gl
Toas = Joap(V:2) = maxx, sup By (|F0) (Xl [G7 ()]

j1,uv = jl,uv(\lla Z) = Oglfi(doiuglE\PﬂF(u) (SDU’UIm [g’y(z)]U«U)‘)?
=037

_ . (r) ¥ ¥
Tz = T2an(¥,2) 1= max, sup B ([P Guulm G ()Y ]uw)]):

and Q = QO ﬂQl ﬂQg me, QO = Q0(57Z) =1 —IP\I;(Q) with

Qo = Qole, 2) = { sup | Xap[G7(2)]ab| < NE},Ql =Q(e,2) = { sup  [Duw]G” (2)]un| < NE},
a,be[M] u,v€E[N]
0<~<1 0<~<1

Q=M(e ) ={ s 3]G ()Y ol S NJ Q= (&) = {  sup fuy| < NV,
ae[ol\i],qiel[N] i€[M],j€[N]
TS

Suppose that U is good. There exist sufficiently small positive constants € < €,/100 and w, and a large
constant C' > 0 such that for

(#17 #27 #3) S {(%abIm [G’Y(Z)]ab, xablm [GO(Z)}ab; /JO,ab)7
(@uva [g’y(z)]um s;'Duvh/n [gO (Z)]uva jl,uv),
(Baulm [G’Y(Z)Y’y]auv Baulm [GO(Z)YO]au; j2,au)};
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we have

sup. By (F(#1)) — B (F(#2))] < CN™“(#3+ 1) + CQuN“*, (64)
SYS

for any a,b € [M] and u,v € [N]. The same estimates hold if Im ’s are replaced by Re ’s.

4.2 Average local law

In this section, we write m”(z) = my~(2), G7(z) = G(Y",z), and G"(z) = G(Y7, %) for simplicity. Let
2t = A_; + ' +in. Then we have the following theorem.

Theorem 4.3. Suppose that ¥ is good. Let us define zz '= A_; + E + in. We assume that n €
[N’%’C,N’%], E e [fosl,N’%“] for a sufficiently small e > 0. Then there exists a constant 69 > 0
such that for all integer p > 3,

Oiugl]Eq,(|N7)(Imm7(zt) —ImmmO(z)) |2p) < (1+0(1)Ey (|Nn(Imm®(z;) — Imm°(2)) |2p) + N~%P,

where m°(z) = M /297 (2). Here W is an i.i.d. copy of W and it is also independent of X . Further,
the same estimate holds if Im ’s are replaced by Re ’s.

The above comparison inequality directly leads to the following theorem, which is crucial for the
rigidity estimate for the Aps(S(Y)), serving as a key component in proving the universality result.
Theorem 4.4 (Rigidity estimate). Suppose Qy holds. Then, with high probability,

A (S(Y)) — Aoy < N72/3Fe,
Proof. By Markov’s inequality, Theorem 4.3 and the following local law for m°

1
= E>0

|m0()\,,t +E+in) —m (A + E+in)| < (65)
1 + 1 E < 0
NAEHm © (Np)2y/1El+n — — 7

we can obtain (65) with m° replaced by m! and further for the case E < 0 the following

1 1 1
+ + .
(IEl+n)  (Nnp)2/|E|+n NUd/2p

We remark here that the local law in (65) has been proved in [22] around the right edge for the
deformed rectangular matrices, under the assumption that the original rectangular matrices satisfy the
ns-regularity. The argument can be adapted to our model, but around the left edge, again with the
ns-regularity as the input. The derivation is almost the same, and thus we do not reproduce it here.

Further, similarly to Lemma 2.6, we can prove |Ap(S(V;)) — A™P| < N=2% and [Ap(S(Y)) — A™P| <
N—2, By g65), and the crude lower bound on Ay (S(V;)) implied by [61], we also have [Ap(S(V2)) —
A_ | < N73%€ Hence, we have

Imm'(\_; + E +in) — Imm;(A_; + E +1in) < v (66)

IMr(SY)) = A 4| < N2, (67)

With the aid of the m! analogue of (65), (66) and (67), the remaining reasoning is routine and thus
we omit it; see the proof of Theorem 1.4 in [36], for instance. O

4.3 Green function comparison for edge universality

Theorem 4.5 (Green function comparison). Let F': R — R be a function whose derivatives satisfy

max |[F*(z)|(jz| + 1)~ < C1, a=1,---.,d
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for some constant C; > 0 and sufficiently large integer d > 0. Let U be good. Then there exist ¢g > 0,
Ny € N and 61 > 0 depending on €, such that for any € < €9, N > Ny and real numbers E, E1 and Es
satisfying |E|, |Ey|, |Ba| < N-2/3V¢, o = N-2/5=¢ we have

E>

‘]Eq, [F(N/E Imml(A_,t+y+ino)dy)} —Ey [F(N/

B,

E>
Tmm®(A_ ¢ 4y +ino) dy)} ’ <CN™%,

(68)

for some constant C' > 0, and in the case o = 8/3, (68) holds with A_ ; replaced by Ashift-

Employing the above comparison inequality along with the rigidity estimate int Theorem 4.4, we can
deduce the following universality result around the random edge A_; (and deterministic edge Ashife if
a = 8/3), whose proof will be stated in the supplementary material [11].

Corollary 4.6. For all s € R, we have

&POOP(NZB(AM(S(V})) AL < s) - ]\}Ean(NQ/3(AM(S(Y)) AL < s) (69)
Moreover, if a = 8/3, we have
Nli_r)nOOIP’(NQ/z”()\M(S(W)) — Aanift) < s) = ]\;EnOOIP(N2/3(AM(S(Y)) — Aanift) < 3). (70)

Now we can prove our main theorem: Theorem 1.1.

Proof of Theorem 1.1. The conclusions (i)-(iii) in Theorem 1.1 follows from (69) in Corollary 4.6 and
Theorem 2.12. To prove the critical case when o = 8/3, i.e., (iv), from (37) in Theorem 2.11, it is easy to
show that the distribution of A_ ; is asymptotically independent of the fluctuation of Ay (S (Vi) —A_y
since the former is a function of X only. It can be shown by a standard characteristic function argument
that for any s € R,

lim IP’('yNMQ/?’()\M (S(Vt)) - )\sh]ft) < s) = lim IP(MZ/?’(M%/?E F24 98X, < s).

N —o00 N—o0

where in the RHS X, is independent of GOE. Then further, together with the comparison (70) we
conclude (iv). Hence, we complete the proof of Theorem 1.1. O

5 Proofs for the Green function comparisons

In this section, we will mainly prove the Green function comparisons stated in the last section. We will
show the details for Theorems 4.2 and 4.3 only. The proof of 4.5 is similar to 4.3, and thus will only be
discussed briefly here and the details are stated in the supplementary material [11].

5.1 Some further notations

Let us introduce some additional notations. We denote by E(;;) the standard basis for RMXN e,
[Eij)lab = diadje. Replacement matrix notation: For any A € RM*™, the replacement matrix AE\ij) —
Aij)(A) € RM*N s defined as,

A (4,4) = (a,b)

Ay i (5,5) % (ab)’ a€[M], bel[N]. (71)

[y V)] = {

Let GJ7\(2) i= (S(Y(;}) — 2)™" be the resolvent of S(Y):}) with Y3} = (Y7)(;)(1). We define

dij (v, wij) == v(1 — xi5)aij + xibi5 + (1 — 72)1/%1/2%1’7
eij (7, wij) = cij + (1 — 432 2,5, ie[M], jel[N]. (72)
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In the sequel, for brevity, we also write 3, ; = Zf\il Zjvzl

5.2 Proof of Proposition 4.1

Let us prove Proposition 4.1 assuming that Theorem 4.2 holds. The proof of Theorem 4.2 is deferred to
the next subsection. For § > 0 and z = FE +in € D(ey1,e2,¢3) (cf. (22)), we define

PBo(d,z,¥) := Pq,( sup sup |21/2%ab[G7(z)]ab| > N‘S>,
0<7<1 a,be[M]

B1(0,2,0) = ]P’q,( sup  sup |zl/22)uv[g7(z)]uv| > N‘s),
0<y<1 u,vE[N]

Bo (0,2, ¥) := IP’q,( sup sup 130u[G7(2)Y ] gu| > N6>.
0<~y<1a€[M],u€[N]

The following monotonicity lemma will be a useful tool.
Lemma 5.1. Suppose that ¥ is good. Fiz e and w as in Theorem 4.2. For all z = E+in € D(e1,e9,€3),
we set 2/ = E' +in’ by

_ Ne/3 /2 2 _

Then for any § > 0 and D > 0, there exists a large constant C > 0 such that

5,2, ¥) < CN® 2,2/, U NP, 4
ker{rgfg}‘m(,z, )<C ker{rgf?}%(f/ 2, 0)+C (74)

Proof. This is a minor modification of [4, Lemma 4.3]. The proof requires Theorem 4.2. For brevity, the
detail is provided in the supplementaries [11]. O

With the above lemma, we can prove Proposition 4.1.

Proof of Proposition 4.1. The proof is similar to the proof of Proposition 3.17 in [4]. Let ¢ be as in
Theorem 4.2. It follows from Lemma 5.1 that for any zg = A™P + Eq +ing € D(2e1,e2,e3) and g < N ¢,
we may find 23 = \™" + E; + in; defined through (73) such that for any 6 > 0,

U) < Oy N 2 2,0 NP,
krg[%g]‘ﬁk(&zo, ) < Ch krél[%g]‘ﬁk(d 21, ¥) 4+ Ch (75)

Now it suffices to bound maxyeo.2) Br(€/2, 21, ¥). Notice that for e > 3e;
|Ex| S | Eol + N*/Jio| S N2 4 N72/% < N7
This means that z; € (£1,2,3). Applying Lemma 5.1 again with § = /2, we can find zo = AP+ Ey +ins

2 21, 0) < CoN©2 2,29, 0) + Co NP
krg[%g]%(g/ 21, ¥) < Cy krél[%?;]%@/ , 22, V) + C ,

where 7o = N</%1; and |E>| < N~¢1. We may now repeat the above procedure until z,, = AP+ E,, +in,,
with 7, > KN~¢/2 for some sufficiently large K. It can be computed that

m—1
M S NTPPNS =N~/ and  |Ep| S |Eo|+ Y N*/¥n;, ;i = N/,

i=1

This implies that |Ep,| < [Eo| + N75/2 < N=1. Then using the fact that maxyeo.2) Br(€/2, 2m, ¥) = 0,
we can obtain that

max_ P (0, 20, ¥) < Ci N max Pr(e/2, 21, ) + o,NP<c, NP,
ke[0:2] ke[0:2]
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The claim now follows by adjusting constants. O

5.3 Proof of Theorem 4.2

We need the following elementary resolvent expansion formula.
Lemma 5.2. For any deterministic matriz A € RM*N | let its linearisation L(A) be defined as

c=(4r o) (76)

Let R(A, z) = (2'/2L(A) — 2)~! be the resolvent of L(A). The Schur complement formula also gives

B G(A,z)  27'2G(A,2)A
R(A, z) = <Z1/2ATG(A’Z) G(AT,2) )

Then for any B = A+ A € RMXN we have for any integer s > 0

R(A, 2) = Z (R(B, 2)L(z">A)) R(B, 2) + (R(B, 2)L(z/2A)) ' R(A4, 2).

Jj=0

Proof of Theorem 4.2. During the proof, we omit the =z dependence and write d;; =
dij(v,w;;) and e;; = e;;(y,w;;) for simplicity. We only show the proof for (#i,#2,#3) =
(XapIm [GY(2)]aby XapIm [GO(2)]aps Jo.ab) With a € T, or b € T, and the others can be proved similarly.
Observing that

aE\p (F([Im G’y]ab)) B (1) y v - fyt1/2w”
o = —;E@ [F (Im [G7]ap)Tm ([G7]a[G7Y ]aj)(Az‘j - m)}
a T 2wy _
- ZEW[ (I 67 a)on (6l )6 i) (s = =3t )| = - by (D)5 + (D)),
and therefore it suffices to show that there exists some constant C such that
C i )
>[I0l + 10 Dal] £ =50 (VG0 + 1) + QuNE). (77)

4]

We will focus on the estimation for (I);;’s , while the estimates for the (II);;’s can be handled in an
identical fanshion. To ease the presentation, we further define the shorthand notation

Ty (N) = Uiy (N Viagy (A),
Uipy(A) = FO(Im [GY3] ), Vi (N) = I ([GTA 1 [GY Y ai ) -

We also define V(;;(\) = Im ([G?ZJ)‘)]M[(YJJ?‘)TG(VU’\)}W) Then for any i € [M],j € [N], (I);; can be
rewritten as

2wy
(I)ij = Ew [f(ij)([YW]ij) <Az‘j - W) (Lyy=0 + 1wij:1)}
2wy 2wy
=Ey [f(z‘J')(dz'j) (Az‘j - m)} “1y;=0 +Ey {f(ij)(eij) (Az‘j - m)} Lyy=1
Yt 2w,

(*) Y
= Eg [f(ij)(dij)(Aij - m)} “Ly=0— mtlmﬂij {wijf(ij)(eij)} “Ly,=1

= (J1)ij — (J2)ij,
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where in (%), we used the fact that A;; = 0 if ¥;; = 1.
Let us consider (Jz);; first. Applying Gaussian integration by parts on w;;, we have

,.Ytl/Q
|(J2)i] = ‘7(1 — 72)1/2NE‘I’ [8wijf(ij)<eij):| 11/;”:1‘

'Ytl/Q
=027

,yt1/2
(127N

By “81”“ f(”)(e”')lﬂu Lyy=1+ Ev “awij fiig) (€i)Lae }1%:1-

Notice that
awij f(ij)(eij) = U(ij)(eij) ’ awz‘j V(ij)(eij) + V(ij)(eij) ) 81%‘ U(ij)(eij)» (78)
and
Ou,, Ui (ei) = —(1 = )22 FO (I (G770 ,) (Viagy (e1) + Viagy (eiz)
2\1/2,1/2 s€ij s€i5\ T »€ij »€ij5 ,€ij
Ouw,; Viij (i) = —(1 = 77) /2¢H21m ([G?ij) ]ii[(Y(Zj) ) GZij) ]jb[GZij) Y(Zj) Jag
Ys€ijysY:€ig Y,€ij Vs€ijN Y Cig L V-€ij7 . Vs€ij )
+ G0 Y"1 160 1l Yy as = 1G5 TG as
€ij €ij 1€\ T Y€ij vV :€i €ij s€ij v Y€ J€ij v Y Cij
+ (G 1l Gy el (V™) TGy Y Lo + Gy TGy Y las (G iy Vs L‘J’)' (79)
When ¢;; = 1, we have i € D, and j € D.. Then 1oly, —1|Vij(ey)| < N?*t72 and
loly,,=1|0w,,; Viij(eij)] < N3t=7/2 Therefore, we may find a large constant K; > 0 such that

1y, — 1y,,—
()il € iz B [P0 (m [6357],) || + iz B | [F (m [675570],,)

/21,
%Ew [|5w1-j feig(eij)Lae }
Ly;,=1 eij Lyi=1 €ij
~ Nl_J?’Et?’ ]E‘I’ [|F(1) (Im [G’(Yij)J]ab) u + Nl—J4st3 E‘I’ DF@) (Im [G’(Yij)q ab) u + NKI Qolwm:h

where in the second step, we used the crude bound that |y, f(i;)(€i;)| < N** for some sufficiently large
K71, which can be obtained by the fact that Imz > N~!. By the facts that Do Lyy=1 < N1=¢ and

t> N—c/4 , we can choose € < €,/16 to obtain that

L1y,—
()] £ B [|FO (1 [6757],)| + [P (1 [6757],) ] + N Qo1

Next, we consider (J;);;. Recall that di; = (1 — xij)ai; + Xijbij + (1 —~2)*/2t1/2w;;. Applying Taylor
expansion on f(d;;) around 0, for an s; to be chosen later, we have

s1
lwijzo k p(k) ’}/tl/zwij
(J1)ij = v [(dij) fiij)(0) (Au‘ - m)}

S

1y,=0 s141 p(s1+1) 7 7t 2w
+ 71)'131, {(d”) 1 f(z]) (d”)(Am — (1 — 72)1/2)} = kZ(Jl)ing + Rem.
=0

where ciz-j € [0, d;;]. Before proceeding to the estimation of (J1);x and Rem, we first establish perturba-
tion bounds for the entries of the resolvents, which are useful for the estimation of f((i’?)(O) and f((:;)) (dij)-
Using Lemma 5.2 and the notation therein, we have for any u,v € [M + N],

1dij , : 1dij j ydij
Lo [ROY()Y,2) = RIS, 2)] 0 = D L[ (RN, 2)L(= 2 disEy) ) R(Y Y, 2)]
7=0
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,dij s+1 ,
+1a[(RY)Y, 2)L(=2diyE)) T RV, 2)]

Further using the fact that 1g|d;;| < N~ 19|[R(Y7’d”,z)]un| < N¢/t?, and the crude bound

(i4)
HR(Y(ZJ(;, 2)|| < N when Im z > N1, we may choose s large enough to obtain that
s 2e i € s+1
v,dij v,0 N J N +
1Q| [R(Y(ij) ) = R(Y(ij)’z)]uu| N Z (t4N6b> + (tQNeb) NS, (80)
j=1

which yields directly a control of GZZ.’]Q), G?i’](.)) Y(ZJ()), and (YE?;?)TGEZ’JQ) Y(L()) on the event ). Here we used the
fact that Y T GY can be written in terms of G, which can be seen easily by singular value decomposition.
Similar estimates hold if YZJ’.O is replaced by Y(’ZJ?Q we omit repetitive details. By taking derivatives

repeatedly similar to (78) and (79), it can be easily seen that for any integer k > 0,

k N (Co+2k+2)e
f((zj)) (dlj) ’ 11[11']':0 “1g 5 w (8].)

Combining the above estimate with the perturbation bounds in (80), we have for any = € [0,d;;],

i N (Cot2k+2)e
f((z'j))(if) Ayy=0lo S g (82)

Now we may start to estimate (.J;);;» and Rem. Using the above perturbation bounds on the event
Q, we have that there exists some large K5 > 0, such that

1y,=0 11 pls141) 3 Yt 2w;;
Rem| < (=B [(d)** 1G5 @) (A = )| 1o
Ly;=0 (s14+1) /7 Yt 2wy
_—¥s=0 H )t et (g (Ai-—ij )‘1 }
+(S1+1)! w [|(dij) f(”) (diz) (A (1—42)1/2 Q
N(Co+231+4)€1w“:0

+ N¥2Qo1y,, 0. (83)

~ t251+4N1/2+6a+(81+1)6b
Therefore, with the fact that ¢t > N‘Gb/s, we may choose ¢ < €,/8 and s1 > C/4 + 6/¢;, to obtain that
|Rem| < N73. 1’/}1&':0 + NK2Q0 . 1¢”:0.

We estimate (J1)i; 5 for different k separately. For the case when k is even, it follows from the
symmetric condition that (J1);;% = 0. Thus we mainly focus on the estimation for k is odd.
Case 1: k£ > 5. First note by symmetry condition, we can obtain

t1y, —oEw[lf% (0)]]
u u u k Pij =00 2
(T )ijnl S ST B[ AP w2 g P £ )] Loy mo S
ui14u2>1,u3>0
u1+u2+U3:(k+l)/2

where in the last step we also used the fact that Eg (bfj) < N’E”(’“*Q)Eq,(xfj) SN E=2) for k> 2,

We need to estimate f((Z)) (0) again by Taylor expansion. For an sy to be chosen later, there exists

Czij S [O,dij] such that

s k+¢ k+s2+1) /3
2 1y, —oBu[| £} (dij)]] N 1y, =B [|f(1 " (dig)]]

(T)ijl S Z N2+ (k+0—3)ey N2+(k+s2—2)es
£=0

(84)
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On the event Q°, we may estimate the RHS in the above display as in the last step in (83), which gives

k+s
2 By [|f I (di)|1ae] B[ fIT Y (di) 1 1ac)
( (i5) (i5)

K.
Z N2+ (k+E=3)e + N2+ (k+s2—2)e, >1wi_7:0 SN 3Q01w7:j:0’ (85)
£=0

for some large K3 > 0. On the event Q, we may choose s > Cy + 30 + 4/¢, and € < €,/8 to obtain that

82

<;%N2+<kt+es [If(k”( ij)‘lﬂ} +W [|f<k+52+1>( m)\lszD oo

1y,=0 (k+0) -3
~ Z N2+(k££ 3)5,, “f(ij) (dij)|19} + N7 1y;;=0

s2 N2 k+£+1)51 0 k+0+1 J X
ij = m Y,y —
~ Z N2+ (k+e— 3)ebt2(k]+l)+1 Z Ey “F( (Im [G(lj)J] )@ +N Ly,;=o0- (86)
m=1

Collecting the above estimates and choosing ¢ < ¢,/100, we have

1w -0 k+so+1 4 ].w o
ij = m Y Qi ij = K
S N2+eb/2 Z Ey [‘F( )( [G(zj) ] )ﬂ + N2+ep/2 +N 3Q01wia‘:0'

m=1

|(J1)U,

Case 2: k = 3. By direct calculation, we have

]t ij =i

(Jl)ij’;g = E\p[(A4 +tA2 w +t2w4 +A2 82 +tw 82 )f((lgj))( ):| 11111']‘:0‘

The term A?;B?; becomes null due to the definitions of A;; and B;;. Concerning the remaining terms,
we only show how to estimate the term involving tw2 82 while the others can be handled similarly.
Applying Taylor expansion, and then estimating terms on QC and () separaterly as in (84)-(86), we have

for s3 > Co/4+€/2+ 4,

s t1y,,—oBu[| F1 7 (dij)] 0]
3) Yi =01 (5 ij - Ks
‘E [thijf((m( )} 1%:0’ < Z Nt + N 731y, —0 + N Qo1y,,—0,
£=0

for some large K5 > 0. Then it remains to estimate the first term of the RHS of the above inequality.
For ¢ > 1, the estimate is similar to (86), we omit further details. Here we focus on the non-trivial term

when ¢ = 0. It is straightforward to compute that f((f;))( d;;) is the products of F©® (Im [Gﬂ’ d”]ab) IS

(i4)
, and the entries of G/’ e GV’ i3y Y dis ,and (Y, di\ T G digy 7 dis , where the entries’ indices can be
(i5) (25) = (i) (i) (t3) = (i)
(, ), (4,9, (4,7, (a, ),(a,J), (i,0), (4, b). Therefore
tNBe © ,
[|f(u)( i)l 19} “Lyy=0 < N2 ZE‘I’ [|F (Im [G([g)”] )@ “Ly=0 - LieT, jeTe

{=1

N6
N2t7 ZE‘P [|F(£) (Im [G’(Yij”]ab)|:| “Ly=0- (1 = LieT, jeT.)-

This eventually leads to

ENS 1y, —olieT jeT. i
[ERNRES S DR L G ]
=1

N1y, —o(1—-1
N2¢7

4
€T, JET:) Y Ey [\F(") (Im [G’(Yif)ij]ab)q
/=1
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s3+4

M=o Z Eq,“F(‘Z) (tm [G7] b)@ + N1y, o + N Qo1y,,—o.

N2+Eb/2

The second term in the above display can be estimated by the fact that |D,| V |D.| < N'=¢@ for some
€q > 0. By the fact that ¢t > N—¢/20 v N=/20 we then have

tl 2 N
(()issl £ ZE 1EO (1m0 (67571 ,)1| Lo - Lie, e

1y;,=0 (1 Lier, T) - d
35 =0 " - LieT,,jeTe i
+ e S Ee[IFO (i (675,

s3+4

N;pjrj;?z Z Ey { F(e) [G(ij) }ab)|:| +N 1y 0+ N55Qq - 1y,,=o0-

Case 3: k = 1. In this case, using the fact that Eg[b;;] = 0, we may compute
(J1)ij1 ="Ew [((1 — Xij) a3 tw”)f(”)( )] -1y =0.
Recall that t = NE(A?;) = NE((1 — 45)?(1 — xi;)%aZ;). This gives
IE((1 = xi5)%a3;) — E(tw}))| S tN—1m0/2tee, (87)

Therefore, following the same procedure as in (84)-(86), we can also obtain that for sufficiently large
constant sy,

wq =0 Jdi _
ICIOERIES N2+]Eb/2 ZE'I’ [ | (Im [sz)J] )@ + N7 1y,m0 + N Qo - 1y, 0.
By combining the estimates of (J1)i;%’s with (J2);;’s, we can conclude that (77) holds when we choose
e < min{e,, €, €4}/(100). O

5.4 Proof of Theorem 4.3

Since we need to perform the comparison at a random edge, we begin with some preliminary estimates
for the derivatives w.r.t. the matrix entries of the random edge.

Lemma 5.3 ([22], Lemma 5). Denote ag,+(t) = (¢, +(t)), 1 <k < gq. Then (ag,+(t),k+(t)) are real
solutions of

where

Ft(z,C)zl—i-t 1 —/B2(1 —cn)? + 42

— cNth(().

Using the lemma above, we can derive bounds for the derivatives of the random edge A_ ; w.r.t. the
matrix entries b;;.
Lemma 5.4. Suppose that U is good. If we view A_; as a function of B;;,i € [M],j € [N]. For any
i € [M] and j € [N], write A_ (x) = A_+(Bij; = ). Then for any integer k > 1 and for any b € [0, B;;],
we have

OFN_ 4 1 ok¢_ 4 1
a7 Ol tvu—o < [T Ot <

(88)
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Further, there exists some constants Cy > 0 such that the following deterministic bounds hold,

Oy
(9Bij

oA,
k
oB%,

()| Lm0 < N, (8)| Lm0 - E(A-0) < N, (39)

where Z(x) is a smooth cut off function which equals 0 when x < A™/100 and 1 when x > A\™"/2 and
|2 (z)| = O) for allm > 1.

Remark 7. Here we remark that in the second estimate of (89), we added a cutoff function, in order to
get a deterministic bound for the A_ ; derivatives, which is needed when we take expectation Eg. Hence,
actually, we should work with By (|INn(Imm? (z;) —Imm°(z;)) (A ¢)|*?) instead of By (|Nn(Imm? (z;)—
Im ﬁzo(zt)) |2p) to make sure that all quantities in the expansions have bounded expectations. Adding such
a cutoff factor will not complicates the expansions since again by the chain rule it boils down to the
A_+ derivatives. Hence, additional technical inputs are not needed for the comparison of the modified
quantity. However, in order to ease the presentation, we will state the reasoning for the original quantity
and proceed as if all random factors in the expansion have deterministic upper bound.

Proof. Let 1;; = 0. To emphasis the dependence with X, we first note that Fy(z, () can be rewritten as,

1- — V21 —cn)?2+4 c
it ¢ X) = 14 VBRI S o)

Using Lemma 5.3, we have

OF;
Fy(A_ 4, ¢ 4, X)=0, and 8—£(A,,t, ¢, X)=0. (90)
Then taking derivative of (90) gives
8)\_ t 8Ft 8Ft
— " (A_ 4 X M, X)) =0.
aBZj aZ ( ,t7< B2 )+ 8.1'”( ,t7< B2 )) 0

Therefore, we may solve the above equation to obtain that

8)\_,75 _ 2CNt\/t2(]. — CN)2 + 4)\77tgf’t
9B, M

(XT(GX )] (91)

J?

Notice that

—~
=

|[XT(GX )] < [[XTG Ca?x] | (GO )]
= |[GXT. 0] + e [(GXT )] 2 G )]l
S (G, CIV2 + 16 alIGX T, )l - IGCK, )l K e, (92)

where in (i) we applied Cauchy-Schwarz inequality, and in (ii) we used Lemma 3.2 (i). Therefore, we can
obtain that dg,; A +(b).
Next we view ®;({) as a function of X, and write ®,(¢,X) = P;(¢). By Lemma 3.1, we have

aant ((—+,X) = 0. Further taking derivative w.r.t B;; on this equation gives
Tt D0 vy (93)
acz T By 8¢y T T

By direct calculation, we have

0 ®,
8C8x”

- 4CNt

(o X) = =7 XT(GX, ¢ ) — 2t (C0)

M

[(XT(G(X,¢- 1)) )i
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+ SCNtC_yt(]. - cNth(C_

M

4CN(]. - CN)t2
+ M

AR 2 imiy (C 1)

) XT(G(X, ¢ 1))y — M

(X T(G(X, ¢ )y

(X T(G(X, ¢ 1))y

A similar argument as in (92) leads to [X T (G(X,(_, ))3}].1. < t75. This together with the fact that
entmx (C_ ) < tY2 and m/ ((_4) ~ ™! gives a(zaq: (C-+,X) < 1/(Nt°). We can also compute that

0%,
0¢?

(C—t, X) = =2entm/s (C- )¢ (1 — entmx (- 1)) — dentmx (C- ) (1 — entmx (- 1))

+ 2 p(entmlx (C-0))* = en (1 — en)t®mx (C- 1) (94)

Using Lemma 2.2 with the fact (_; — A\ (S(X)) ~ t? w.h.p., we have w.h.p. that da?;' (Co 1, X) ~ 12,
Combining the above bounds gives 9g,, ¢~ s < 1/(Nt3).
It is worth noting that for any mteger k > 2, the 0% /\_ .+ can be expressed as a function of 8[ /\_ +

and 38 C +, where ¢ ranges from 0 to k — 1. Slmllarly, 88 (¢ is solely dependent on 8BU C—t) Where
14 ranges from 0 to k — 1. By employing the product rule and adopting a similar argument as used in
(92) to bound the Green function entries, we can observe that the order of agw A_ ¢ is determined by the

term that includes 8{;;1[XT(G(X, ¢—+))%ji. Similarly, the order of 8@@_ (— is determined by the term
that includes 8{;;1[XT(G(X, ¢-+))%];i- This allows us to conclude that for any k > 1
OFN_ 4 1 ok¢_, 1

< ; < :
oBf;, Ntk OBy, N+l

The claim now follows by noting that the above bounds still hold when we replace B;; in X with some
other b € [0, B;;]. The reason behind this is that the replacement matrix still satisfies the n*-regularity
condition, ensuring that the corresponding ¢_ ; and Ay still satisfy Lemma 3.2 (i).

Next, we prove a deterministic upper bound for dg,; A ;. For notational simplicity, we will only work
on the original matrix X, and the argument holds for the replacement matrix X;;)(b). In view of (91), it
suffices to obtain deterministic upper bounds for A_ 4, (_ ;, and [X T (G(X, - +))?];;- We may first apply
Cauchy interlacing theorem to obtain an upper bound for (_ ; as follows:

(-t S A (S(X)) € Ao, (S(BPY)) < N2, (95)

where in the last step we used the fact that the entries of S(B(P")) are bounded by N~. From (25), we
have entmx (¢— 1) = entmy(A_ 1) /(1 + entmy(A_ 4)), which gives the deterministic bound mx (¢_ ;) <
(ent)™L. Using this deterministic bound, we have that there exists some constant C' > 0 such that

M

=

A (S(X)) —C s

NSO0) ¢, SO Om(S(0) =)

—

1=

This together with the fact that Ay (S(X)) > (_ 4 (cf. Lemma 3.2 (1)) gives Ay (S(X)) — C t > C~1t/M.

Therefore, we are able to obtain deterministic bounds for the high order derivatives m ( +) as well
as the spectral norm of G(X,(_ ). We can also obtain that

2 €
Al = |[1 = entmx (¢ o) "¢+ (1 — en)t[1 — entmx (¢ )] | S N?2.
For the upper bound of |[X T (G(X, (- +))?];i|, we have

X T (GO )25l < [IXT(G(X, ¢ ) X552 |(GX, ¢ )] 2

< (G(X,C-0)) XXTH”2 [NGX, ¢ )12
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< (1G(X, oM + ¢ s

(X, o) - IG(X )| S NP 2o M2,

Collecting the above bounds proves the first bound in (89).
To prove the second bound in (89), it suffices to provide a lower bound for 2 3@2 £(C— 4, X) (ctf. (93)).
When A_ ; > A™"/100, we have

CNtmt()\,’t) t1/2

NP < entma(OA )| < < /2,
1+ entmi(A_g) | = lentme(A—2)l S D~

lentmx (C-0)| =

Therefore, using Cauchy-Schwarz inequality, we have

))2 < CNth(C—,t) : CNtml)l((C—,t)

9 < CNtm/)/((C—,t)'

(entm'y (¢

This implies that —QCNtm (C- ) t(T—entmx (C ) +2¢— +(entm’y (¢~ +))* < 0. Then using (94), we
may lower bound B—CQ(C_¢, ) as follows:

0%,
0¢?

QCN(l — cN)t2 201\/(1 _ CN)t2
MAm(S(X)) —(-¢)® = MN6=6e 7

(€, X)| > en(1 —en)Pm% (Cg) >

where in the last step we used (95). O
Next, we start the proof of Theorem 4.3.

Proof of Theorem 4.3. We begin by collecting some notation to simplify the presentation of the proof.
Consider w;; as the (7, j)-entry of W, and define Y7 analogously to Y7, with the substitution of W by
W. Recall (72) and we write dij = dij('y,wij), €ij = eij('y,wij), dij = dij((),ﬁ)ij), and éij = é”(() ’LZ)ZJ) i

the sequel. To emphasize that A_ ; is a function of X, we introduce the notation )\(”)(ﬁ) = A t( i)
Consequently, we define zt(ij ) (B) = )\(,”t) (8) + E +1n. For simplicity, we use the shorthand notation G’Y AB

as GE’”A)( (ij )(ﬁ)), and we define é?@;‘)ﬁ analogously, replacing W with W.

We will focus on the estimation o

f BE‘P(|N’7(Immv(g;)ilmmg(zt))ﬁp). To this end,

< ~ 2
Frotaby. N B) = T [GEAap, Fy (a). i\ B) = Tm [GUN a9y (N 8) = mIm [(GEN7) Y1,
and F(A, A, B) = (1224 fr.(aa),(i5) (A B) — 1224 fo,(aa),ij) (X, B))P. Some elementary calculation gives

let us define

Oy (|Nn(Imm? (z) — ImmP(z,))]| 2p

” o3 (i 90),

where

(J1)ij = Eg [g(ij)(dijvXijbij)gijFZp—l(dlmdeXlJle)] “Ly;;=0,

i1/
—WEW Wij9(ij) (i Cij) Fop— 1(%%%)} Lyy=1,

(J2)ij =
£ = (1= xij)a; — vt2(1 =) 2wy
For (J2),;, we may apply Gaussian integration by parts to obtain that

’Ytl/Q
(122N

+ (227 - 1)JE\1, [g(ij)(eij7cij)8’wij {nz.f'y,(aa),(ij)(eijv Cz‘j)}szﬁ(eij,éz‘j,Cij)D : 11%-:1-

(J2)ij = — (E\p [&M {9 (€ij, cij) } Fop—1(esj, i, Cij)}
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Note by directly calculation, we have

1€ij Cij 1€ij,Cij\ 2 J€ij 1€i5,Cij v, €ig
3wu{9<ij>(eijacz‘j)}=( [(GT57) T, = 2im (G ) T [V s ) TG oY (5] )

= 2t ([(GT5 ) Y5 ] (G0 Y ]) ) = )20 P (96)

and Oy, {4 Fr.aa). (i) (€igs cij) } = —2t12(1 = 4*)Y2g;5 (€45, ¢ij). Using Wald's identity with the fact
that ¢« € D, and j € D, when 9;; = 1, we can obtain that

in G5,

@)1l < 116757 <7 @

and
'Yvei‘>c77 vs€i Y:€ij,Ci Y€ 2 Y:€ij,Ci
(G )Y 0 < Z' Gl Y Ll +Z| Gl il

(1_) Y>€ij \ T | YY:€i5:Cij
= [(Ye)") 160

(11) €5\ T ,€i5
[O)") Y

Yy gy I [GET
2], [
(iii) 1

= (G757 211935 Pl i G S

g’Y 81] Cij

(98)

where in (i) we apphed Wald’s identity, in (ii) we used the fact that for any A € RM*N (AAT —2)71A =

AT(AAT — 2)~! when z does not lie inside the spectrum of A, and in (iii) we estimate [|g(“/”€)u,c” 2]jj in

a similar way as done in (97).
Combining the above estimates with the fact that 3, ;1,1 < N'=¢a we arrive at

2
v e _
[(J2)ij] < NPT Ey ||[O<(N=t?)| - |Fap(€ij, €, i) || - Ly=1-
(1—~2)t/2N1-ca
k=1

We may then apply Young’s inequality as the following:

e _ (*) N—cag-3y, . Fpm1(€igs gy cig)|
@[|O<(N t 3)\'|F2p—1(€ij7€ij70ij)|} = Ey [|O (N~t=3)] . == logN” = }
(%)

S (IOgN)liigPE‘p {ng(eij7éij7cij)} + NP, (99)

where in (%) we used the definition of stochastic domination, and in (x*) we used the fact that ¢t > N~¢/6,
Similar argument can be applied to the second term involving Fb,_2, and therefore,

i —2r_ ~ —€n
‘(J2)1J| S (1 — 72)1/2]\71_60‘ ((1og N) —=2p By [ng(eij, €ij, Cij):| + N p/2> . 111}1']':1'

Next, we consider (J1);;. Observe that by repeatedly taking derivatives w.r.t. d it

K
can be easily seen that ﬁfjﬁ {g(ij)(dij,xijbij)}/n can be expressed as a linear combination
of the imaginary parts of (a1,as,as) - B, where 2A(ai,as,a3) = ([CfY odigoxisb ”Y(Zj()i”]lj)al .

([Gz})vawmel)‘” ([(Y(L‘;H)TG% R Y(ZJ’)”]N)GB for any integer ai,az,a3 > 0, and B €
YVodij\T vV dij,Xijbij v, dij ¥sdij,Xijbij Y,dij vVsdij,Xijbij
{[(Y(U) ) (G(w) )2Y(w) ]jj’ [(G(w) )’ Y(w) Lj’ [(G(w) ) ] ;}. The same holds for
dij{za f%(aa)» l])(dij7XU ij } since adij{nza f’Y,(aa),(ij)(dlj7X’L]blj)} = *ZQ(ZJ)(dU,XZjb”). This
together with a similar argument as (97) and (98) implies that

[™A(a1, az,a3)| - 1y,,—0 < t~2artaztas) - oang B ly,—0 <t (100)
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The estimation of (J;);; relies on a careful analysis of expansion. Here, we introduce gé )k 2) as the mixed

(k1, k2)-th order derivative of g(;;) (A, B) w.r.t. A and 8, and FQSI_’fz’kg‘) represents the mixed (ki, ko, k3)-
th order derivative of Fs,_1 (A, A, B) w.r.t. A ), and 3. Applying Taylor expansion on g (dij, Xijbij) on
the first variable around 0, we have for an s; to be chosen later, there exists d;; € [0, d;;] such that,

(k,0)
o1 i 9 (0 Xijbij)
ZE |: AaG). gz’jF2p71(dzgadzyvngsz)] ' 11/11']':0
ds1+lg(51+1 0)(d1]aXz]b2j) S1 1
+Eyg [ ( j()sl ey EijFop—1(dij, dij, Xz;bu)} “1ly=0 = Z H(Jl)ij,k + Rem;.

k=0

By the entries bound in Proposition 4.1, (97), (98), and the perturbation argument in (80), we may
crudely bound the above remainder term as follows:

€eN2
NN®

11/%':0 +1,0
[Remi| S — 25 E “9(81 )(dvazJ bij)| - [Fop— 1(d’LJ’d2J7X’LJb'LJ)|j| < NGi+2en 2si+4 ~

N(51+2)€b

where in the second inequality, we used the deterministic bound |Fs,_1(d;j, d”, Xijbij)| < N?P~1 and in
the last step, we chose s; > 6p/e, and used the fact that ¢ >> N—¢/8. We may apply similar argument
to expand the first two variables of Fb,_1(dij, dsj, Xi;bi;) in (J1)ij,k to obtain that

dk+md2 mg(k 0)(0 X'jb'j)
i i » AL] TR m,l—m, —
(J1)ije = Z Z ]Ew[ : (g( j)m), Eii i 0)(0707><z‘jbz‘j)} Ly, =0+ O(N7P)
=0 m=0 ' ’
s2

= (N)ijee + O(N7P).

£=0

where s, is a large integer satisfying so > 6p/e;. To estimate (J1);j ke, We start by introducing the
notation t;; = 2. (1 — licT. jet.) + LlieT, jeT, for presentation simplicity. Note by the chain rule, we
have for any integer £ > 0 and m < /|

IA(2p—1)
F;; Zlmo(o 0 ij ’Lj Z CX” ”ng 1— k(o O ngbm) +Céc+1 m1£>(2p 1) (101)

where for all k € [( 4 1], m € [{], C,f’%b“ are polynomials of the following terms

ij0ij ijbij ij0ij ij04j ijbij
[GT Y (G s [V T 6T Va1 LR VY G 30 [T

0,0,X5bi5 70,0 0,0,x15bi 0,0\T /A oo,x, i3 70,0 0,0,x:;bi 0,0 0,0,xi5bij12
(G V)i [Gan™ ™ Lo [V TGy Y LG Y] (G ™)
After carrying out a similar derivation as shown in (96)-(98) and employing the perturbation argument
described in (80), it can be easily verified that C,fian “1y,=0 < t;j(eﬂ)
Plugging (101) into (J1)ij ke, we have

IN(2p—1) ¢ dk+md€ me. .
ij 0
(J1>ij,kf = Z Z ]E\I/|i ml f m)' E”))(O X’Lj ZJ)CX” ”FQp 1— n(O 0 ngbzg):| : 111’1']‘:0
n=1
¢ k+m 70—m
di' di' 6” k,0
+ Ey mgébkovmjbm)c@‘ﬂ mle>(p— 1)] Lyy=0 = (T1)ijme + (T2)ij ke
m=0 ’ :
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4= (kD)

For (Tg)” k¢, we only need to consider the case when ¢ > 2p — 1. Using gg ’))(O,Xijbij) < with

the fact that ¢ > N~%/8 we can conclude that |(T2)i;xe| < N7¢P. Next, we focus on the estimation of

(T1)ij ke-
When k + ¢ is even, we have by the law of total expectation that,

IN(2p—1) ¢

,ya” 1 _ ’72)1/2t1/2wij)k+m(t1/27j]z‘j) (k 0)
(T1)igne = Z Z B { m!(¢ —m)! 9(is) (0.0)
Ft 2w
X (aij - m)cg,mFprlfn(O,an)} : ]P(XZJ = 0) : 11111‘_7’:0
IN(2p—1) ¢

- > D.Es {V(bz‘j + (1= )2 2w ) by + £ 25) T Py
(1 —~2)12m!l(€ — m)!

X 9005 (0,b15)Chi Pap 1 (0, 0,b35) ] - Pl = 1)+ T, o (102)

From the above equation, one can easily verify that (T1);jx = 0 when k + ¢ is even. Therefore, in the
rest of the estimation, we consider the case of k + £ is odd. In this case, we need to further expand out
i k
ng i in Cv>z<r7n s gg”)O)“)v Xijbij) and F2p717n(07 0, Xijbij)~
First note by Taylor expansion, for any s3 > 0 there exists bg;) € [0, xi;bi;] such that
S3
(k,0)

: (Xijbij)? (k, (Xijbi7) % (ks 1
9y Ooxiis) = D 0 0,00+ SRl 00 (103)
q=0 ’ '

By Faa di Bruno’s formula, for ¢ > 1, ggk )q)()\, B) can be expressed as

4q vy (49)
(k.q) _ q! gty (k0 . 9N Uy
g(l]) ()\ B) - Z mazl qg(ij) (Aaﬂ) H ( 8/81) ( ) ) (104)
(w1, 5uq) 1 v=1
where the sum 3, ., is over all g-tuples of nonnegative integers (u1, - - , uq) satisfying S iu; = q.

We may then use (88) in Lemma 5.4 to bound the derivatives of )\(fjt) and a Cauchy integral argument

to bound the derivatives of gglkj;) ) wort z, which gives

259(0,0) -1y _y < 1 L <1 > 1. 105
(W) ( ) $i;=0 Z nu1+-~»+uqt?¢j+1 1;1;[1 N““t(2"+1)““ Nntg,qti_cj-s-l’ q= ( )

(u17"' 7“(1)

and the same bound holds for g(k’q 0 ,bgjl

that CX%7 < tij(kJrl s [Fop—1-n(0,0, x45bi;)| S N*717" we can obtain that

). Therefore, by choosing s3 > 6p/e, together with the facts

IN(2p—1) s3 dk+mdl m(Xijbij)qg

T S I S e e Py

n=1 q¢=0m=0

2/\(21) 1 S3

8 F2p717n(07 07 Xijbij)} 11/)”_0 + O ebl’ Z Z ZJ kl,nq + O(N_ebp)~
n=1
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For (T1)ij,kt,ng, the term Cfflin” can be expanded in a similar way as done for ggfj’;)) (0, xijbs5) in (103)
and (104), we omit the details. This leads to

k+m 7—m
Ay ™ (Xagbig )1t Ex )

(Ty) ij,klbng = ZZE\I’[ “ rlglm!(¢ — m)! ) (0,0)

r=0m=0

X Cg%’quzpq—n(O, 0, xijbij) | - Ly,;=0 + O(N~P),

where s4 > 6p/ep, and

roB
cr0 — I Com and €000 4L o (106)
n,m 65T 6207 n,m Nnt3thj+1 ’ -

Next, we deal with F5,_1-,(0,0, x;;b;;). For any s > 0, we can compute that

wy (27)
0,0,5 s! I oA Uy
F( ),,(0,0,0) = Z m@ﬁ e Foyp_1-0(0,0,0) - H ( (%wt (0)) ) (107)
(ur,rue) s w=1
and for any integer ¥ > 0,
9!
97 Fap-1-n(0,0,0) = > e oot F2pm 1m0 (0,0,0)
v1+"<$1;;552—1—"
u 1 1) Vw
X H (nImTr G?WO)O)W+ - nhnTr(GOZ;))O)WJr ) . (108)
w=1

Combining the above two expression, and using Lemma 5.4, we can estimate the remainder term as done
for Rems, which gives

54 85 dkﬂrmd?f,m(XZ.jbij)q-i-r-i-sgij}

(T1)ijkeng = ZZZE [” s!zilq!m!(é—m)!

r=0 s=0 m=0

x Eg [g(( : (0 O)CO (r)F (0,0 S) (0,0 0)} Ly, =0+ O(N~—P), (109)
for some large enough integer s5. Here we also used the independency between the random variables.
Then it suffices to estimate (T1);jke,nq in two different cases, k +£¢ =1 and k + ¢ > 3 (recall that we
only need to consider the case when k + ¢ is odd, cf. (102)).

Case 1: k4 ¢ > 3. From (109), using the estimates (105) and (106), and the fact that E(b7;) < N,
E((1 — x45)a3;) = tE(w};) = t/N , we have

S4 Sp

t
(T1)ij ktng = Z Z O(N2+(k+é+q+r+s—3)eb )

r=0 s=0

1 0,0,s e
% By |0« (s ) Eap Ui (0.0.0)] - Ly, o + O(N2). (110)
ij

Note that we have already derived the expression of F(O 0 S) ,»,(0,0,0) in (107) and (108). Then using the
following inequality:

|nIm Tr(CT'ZZ.’;))’O)W—s_1 — nlm Tr(é?z??)’o)wﬂlvw < |771m Tr(G(VZ’]O)O)WHVW + ’ Im T‘r(éO?Q’O)WH’vW
< n_Wq’W(‘nImTYG?i’;))’O g ]nImTré(();?)’o ™) <7 (|F,, (0,0,0)] + ’nImTrG?”O 1™, (111)
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together with Lemma 5.4 and the fact that nIm TrG((JZ?) < Nn\/|E[+ 1 < N'=¢1/25 (this can be done

by bounding (nIm Tr@(();?)’o —nlm Tr@?lfj)” Xid b”) - 1y,,—0 through Taylor expansion and then using local
law for the Gaussian divisible model (cf. (18)) that (nIm TrG0 d”’x” U — NnImmy(2¢)) - 1y,,—0 < 1 with

Immy(z:) < \/|E| +n (cf. (33))), we can obtain that

2p—1—n
t

1 —€
(T2 )sghtinal < N2 Z By [0< (N(k+6+af3)6bt33t(k+é+2) ) [Fop-1-n-a(0,0, O)ﬂ Lyi=0 + ONT27).
j

a=0

Substituting this back into (T;)j e and considering that ¢ > N~%/100 v N=€a/20 " 5 straightforward
calculation yields that: if k + ¢ > 5,

2p—1
1 —€
(Tl < 75 2 Bo|O«( Samamarm ) Far-1-0 00,00 - Lmo + ONV7), - (112
n=1
and if kK + ¢ > 3,

IN(2p—1) 2p—1—n 1 1 - 'T) 1
wl _0 — Li€T,j€T.
((T0ijiel < Z Z ( N2 TR | O« Saairens ) Fav1-n—(0,0.0)

4
Naeb/10

1wijzolzeﬂ,ge7z

+ e

By [0 Fzp-1-n-a(0,0,0)|] ) + O(N 7). (113)
Next, we shall replace Fo,_1-,(0,0,0) - 1,,,—0 back by ng,l,n(d”,d”,wa”) - 1y,;=0. Applying
Taylor expansion on the third variable and then using (107)-(111), we can obtain that

2p—1—n

Fap1-0(0,0,01 £ 37 O<(N7%/10) - |Fyy 10,0, xisbig) | + O<(N 7).
a=0

Therefore, we have that (112) and (113) remain valid, with (0, 0, 0) replaced by (0,0, xi;b;;). Using Taylor
expansion again, for a large enough integer s7, there exists di ;; € [0, d;;],d2; € [0, d”] such that

)u—v v,u—v,0
F2p 1- n(o 0, ij Zj ZZ U—U Fz(p 1-n )(dwadzgyx”bz;)
u=0v=0

s7+1 5 )€7+1 v ( o 0
v,s7+1—wv,
+ Z Ul (7 + s TR (d,ij» da,ij» Xijbij)-

Then we may use (101)(with minor modification that replace (0,0, x;;b:;) by (dij, dij, Xijbij)) to trans-
form FQ(U e O)(dwdu,waw) to Fop_1- r(d”,d”,xu b;;) for some r > n. It can also be easily checked
that the resulting coefficients of Fp, 1_, can be compensated by bounding |d;;|, |di;| by N~ (w.h.p).
This finally confirms that (112) and (113) still hold when (0,0,0) are replaced by (di;, dij, Xi;bi;)-
Therefore, using straightforward power counting and applying Young’s inequality as shown in (99),

we may conclude that when k4 ¢ > 3, there exits some constants K = K(p) > 0 and § = d(e,, €, €4) > 0,
such that

1y..=0 _ 5 _
[(J1)ijkel S ?Viz((log]\f) KEy [F2p(dijvdij7Xijbij)} + N 5’))

1y,,=0(1 = LicT, jeTo)
N2_Ed

+ ((1og N) KRy {F%(dij, dij, Xijbij)} n N*ﬁp). (114)
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Case 2: k + ¢ = 1. Recall from (109) that

sS4 S5 dk+md2 m (le bij )q+r+s€ij :|

(T1)ijkeng = ZZ Z]E\I'[ 8 s!r! g'm!(f —m)!

r=0 s=0 m=0

X ]E\IJ |:g( (O O)CO (T)F20 0133 (0707 O):| . 11/’1‘;':0 + O(N—ebp).

(23) p—1—n

Case 2.1: ¢+ r + s is odd. In this case, we can directly compute that

‘ E A (agbig )T E G (= xag)a; — twd) (b ) T .
Zo v slrlglm!(¢ — m)! } \Ij[ s!r!q! }7 '

Thus, we have (T1)ij ke,ng = O(N~P) in this case .
Case 2.2: g+r+s > 0 is even. Using (87) and the simple facts that x;;(1—x:;) = 0and E(b7;) S N1,
we have

4 k+m j¢—m s r4s
Z dij+ di; (Xigbij) T HoEs } _ —t1/? v {duww (Xijbij) T }
slrlglm! (6 — m)! (1 —~2)1/2 slrlg!

_ t 1q+r+822 1q+r+s:O
- W(O(N(q+r+s—2)6b> + O( Nev ))

Further using (105) and (106), we can obtain that

S4 S5
q+r+s>2 1q+7“+8=0
T1 ” ktng = Z Z N2 ( (N(q-i—T—i—a 2)55,) + O( Nev ))
r=0 s=0
1 0,0,5)
x By [0 JESO,(0,0,0)| 1y,m + O(N 7).
v B (Nn1q+r21 + 1q+r:0)t3(q+r)t?] ( ) =0 ( )

Observing that the above equation has a similar form to (110), we may proceed in a similar manner as
in Case 1 to estimate (T1)ij ke,ng- We will omit the repetitive details for brevity. Consequently, we can
conclude that, by possibly adjusting the constants, (114) also holds when k + ¢ = 1.

Combining Case 1, Case 2, and the estimates for (J2),;’s, we arrive at

1 ij=1 _2p - —e
>0yl S 5 D (108 N) 5By [Fap(e, iy, )| + N7#/2)

4,3 ]

+ Z 111]1\72:0 ((log N) KEq [FQp(dij’dijaXijbij)} 4 Nﬂsp)

1y, =01 = LicT, jeTo) _ _
+ Z N2—ca . ((log N) *Eyg [F2p(dm>dwwaw)} +N 6p>

< (log N)—<KA2T—1>E@ [|N77(Im m?(z) — Tm 1°(2)) |2”} + N

where § = 0(eq, €p, €4) > 0. Therefore, for any 0 < <1,

E\I,(’Nn(Imm”( +) — Imm (zt))|2p) — ]E‘I,(|N77(Imm0(zt) - Immo(zt)”zp)

_ /’Y aEONn(Imm'V/(zt) — ImmO(Zt))IZp)

5y dy'. (115)

42



Taking supremum over v, and using the estimates above, we have
- 2 . 2
OiuglElp (’Nn(lmm'y(zt) — Imm°(z)) ’ p) —Ey (|Nn(1mm0(zt) - Immo(zt))‘ p)
<<
< (log N)~Er551) gup Eq,“Nn(Imm”(zt) —Imfno(zt))|2p} + N, (116)

0<y<1

The claim now follows by rearranging the terms.

5.5 Proof of Theorem 4.5

The proof of Theorem 4.5 is essentially the same as Theorem 4.3. We outline the proof here while the
detailed proof can be found in [11].
Using the same notation as in the proof of Theorem 4.3 and further defining h. ;) (A, B) =

Mo Za f'y,(aa),(ij) ()\, B) and H(”)()\, ﬂ) = F/ (h,%(”)()\, ﬁ))g(l]) ()\, 6) Observe that

O (F(Nngimmv(zt))) _ _2(2(11)” _ (Iz)ij),

.7

where (Il)ij = E\I/ [Ain(ij)([Y’Y]ijy Xz)] and (IQ)ij = ’y(l — ’}/2)_1/2?51/21[*:\11 [UJUH(”)([Y’Y]U,XU):I . We
estimate them by considering the cases 1;; = 1 and v;; = 0 separately. For (I3);;, in both cases, we can
estimate it by Gaussian integration by part, which leads to

,Ytl/Q

(I2)ij = A= 52N (E\Il (0w, {H(ij)(dij, Xijbis) } - Loi=0 + B [Ow,, {Hej) (€55, cij) }] - 1%-:1)-

The term involving 14,,—1 can be estimated directly by the fact that t1/2N-1. > jLyp=1 t1/2N-1.
N1=¢a = o(1). Therefore, by the definition of d;;, we have

¢
(I2)ij ~ VN]E\I/ [0a.; {Hij) (dij, Xi3bij) }] - L =o- (117)

For (I1);;, we only need to consider the case 1¥;; = x;; = 0 since A;; 1y,:=1 or xi;=1t = 0. Using Taylor
expansion and the law of total expectation gives

1
(h)ij =Y EE@[aijdeij = 0] - By [9],, {Hij) (digs xi5bij) }xis = 0] - P(xij = 0) - 1y =0
— k!

For even values of k, it holds that Eg[as;df;|x;; = 0] = 0. In the case where k > 3, we have
Eylaijdf;|xi; = 0] ~ N~=27¢ for some small £ > 0, effectively compensating for the size of the summation
Zi’ ;- Consequently, we arrive at

(I1)i; = BEw[yai;|P(xij = 0) - By [0a,, {H(ij) (dij Xi5bi5) }xi; = 0] - Ly, o (118)
In view of (117) and (118), we can conclude the proof by leveraging the moment matching (87) and
exploiting the smallness of |Eg [ad”. {H(ij)(dl-j, Xijbij)}} —Eg [8%. {H(ij)(dij, Xijbij)}|Xij = O] |.

Supplementary information. The remaining technical proofs are stated in the supplementary
material [11].
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